In this chapter you will learn how to:

•
•
•
•

use Newton's third law for objects that are in contact
calculate the motion or equilibrium of objects connected by rods
calculate the motion or equilibrium of objects connected by strings
calculate the motion or equilibrium of objects that are moving in elevators.
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PREREQUISITE KNOWLEDGE

Where it comes from

What you should be able to do

Check your skills

Chapter 1

Use the suvat equations
for motion with constant
acceleration.

1

A ball is thrown vertically upwards with initial
speed 5 m s- 1.

a How high does it rise?
b How long does it take to reach the maximum
height?

Chapter 2

Use Newton's second law, know
that weight = mg and know
about normal contact forces.

2

A box of mass 20 kg is at rest on a smooth surface.

a Work out the normal contact force.
b What assumptions have you made in
answering part a?

Chapter 3

Resolve forces in equilibrium
and deal with non-equilibrium
problems.

3 A box is sitting on a slope that makes an angle

30° with the horizontal. The box has weight 4 N.

a Work out the frictional force that is preventing
the box from slipping down the slope.
The angle that the slope makes with the
horizontal is increased to e. The box starts
from rest and slides with constant acceleration
2.5 m s- 2 down the slope.
b Work out the frictional force in this situation.

How is the motion of an object affected by it being attached to
something else?
When a car tows a trailer, the motion of the car is altered by the trailer. Mostly this is due to
the extra weight of the trailer, although there may be additional resistance forces on the trailer.
Would the motion of the car be the same ifthe trailer and its contents could be put inside the car?
In this chapter you will study the forces acting on different types of connected objects and
look at how these forces affect or prevent motion. In particular, you will consider objects
connected by rigid rods (such as a car towing a trailer), objects connected by strings (such
as masses hanging on the ends of a rope that passes over a pulley) and objects in moving
lifts (elevators). You will not be considering objects such as planets that affect each other
'remotely' using gravitational attraction.
You will use Newton's second law to calculate the acceleration of moving systems and
Newton's third law to calculate normal contact forces (normal reaction forces).

5.1 Newton's third law
e\ ton , third law states that for every action there is an equal and opposite reaction. This
means that in every interaction there is a pair of forces that have the same magnitude but
act in opposing directions.

For example, when a boy uses a rope to pull a box, the force
with which the box pulls on the boy is equal and opposite to
the force with which the boy pulls the box. In both cases, the
force is the tension in the rope.

•

•
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When two objects are in contact, each pushes on the other with an equal and opposite
normal contact force.
A box resting on the floor pushes down on the floor with a vertical contact force and the
floor pushes up on the box with an equal and opposite contact force. If no other forces act,
these contact forces are each equal to the weight of the box.
A box resting on a slope pushes into the slope with a contact
force and the slope pushes back with an equal and opposite
contact force . When you draw a force diagram, you usually show
only the forces acting on the box, so here you show the normal
contact force from the slope on the box.

normal contact force
friction

weight

In Chapters 3 and 4, you studied the forces acting on an object and the motion or equilibrium
of that object. You now do the same thing but for systems made up of connected objects.

5.2 Objects connected by rods
A I' d is anything that can be modelled as a rigid connector with no mass. Examples of
objects connected by rods include a car towing a caravan, a truck pulling a trailer, and a
train made up of an engine pulling some carriages. In each of these situations you will only
consider motion in a straight line; that is, in one dimension.
You can analyse the forces and the motion in these systems using Newton's second law .

In a connected system, you can apply Newton's second law to the entire system or to the individual
components of the system.

When you consider the individual components in a system of two objects connected by a
rod such as a tow-bar, you need to include a tension force in the connecting rod or towbar. In some situations this tension may turn out to be negative. This means that the rod is
under compression and the force is a thrust.
T
T
o---~--·~~~~·~~o
tension (pulling inwards)

T

T

01---~~~·~~~·~~--10
thrust (pushing outwards)

WORKED EXAMPLE 5.1

A car towing a trailer travels along a horizontal straight road. The car has mass 1500 kg and the trailer has mass
500 kg. The resistance to motion is 80 N on the car and 20 N on the trailer. The driving force produced by the
engine of the car is 360 N. Find the tension in the tow-bar.
Answer
trailer and car together:
normal contact force
R

res1~
stance
driving force
360N
IOON

weight 20 OOO N

Newton's second law for the system:
360 - 100 = 2000a so a= 0.13ms- 2

It is always a good idea to start with a diagram
showing the forces.

You can treat the system as a single entity
to find the acceleration. This is because the
internal tensions and thrusts cancel.
There is no motion vertically, so the vertical
components cancel out.
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trailer:
normal contact force

car:
normal contact force

·~
Rt
resistance~
O N Re driving
T

resistance
20 N

T

force
360
N

tension in tow-bar

weight 5000 N

weight 15000N

The components must be treated separately
when the internal tensions or thrusts are
required.
Draw separate diagrams to show the forces on
the trailer and the forces on the car.
Note that the force pulling the trailer forwards
is the tension in the tow-bar.

Newton's second law fo r the trai ler and car separately:

The car and trailer have the same acceleration.

T - 20 = 500a and 360 - 80 - T = I 500a

Hence, T = 85N .

Either eliminate a or substitute a = 0.13.

WORKED EXAMPLE 5.2

A car towing a trailer travels along a horizontal straight road. The car has mass 1500 kg and the trailer has mass
500 kg. The resistance to motion is 80 N on the car and 20 N on the trailer. The driver applies the brakes, so the
driving force is replaced by a braking force of 100 N opposing the forward motion.
a

Find the force in the tow-bar.

The car then descends a hill at 3° to the horizontal. The resistances and braking force are unchanged.
b Find the new force in the tow-bar.

Answer
trailer:

a

normal reaction Rt

car:
normal reaction Re

20~T l:!FrP
weight 5000N

weight 15000N

N ew ton's second law for the sys tem:
- I00 - 80 - 20

= 2000a

Draw the force in the tow-bar as a tension
unless you know that it is a compression.

so a

= - 0.1rn s- 2

New ton's second law for the trailer and car separately:

The resultant horizontal forces on the system
are the braking force and the resistances.
The car and trailer have the same acceleration.

T - 20 = 500a and - 100 - 80 - T = 1500a

Hence, T

= -30 N.

Either eliminate a or substitute a = -0.1.

The fo rce in the tow-bar is a thrust of 30 N .
b

Draw a new force diagram for the new situation.
The forces labelled R 1, R e and Twill not
necessarily have the same values as in part a.

•
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Newton's second law for the system (parallel to the slope):
15 OOO sin 3 + 5000 sin 3 - 100 - 80 - 20

= 2000a

so a= 0.423ms- 2 .
Newton's second law for the trailer and car separa tely:
T + 5000sin3 - 20 = 500a
and 15000sin 3 - 100 - 80 - T = 1500a

,.
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The acceleration is parallel to the slope
(down the slope). The angle between the
vertical and the normal to the slope is 3°. The
weight of the car has a component 15 OOO sin 3
down the slope. The component normal to
the slope (15 OOO cos 3) is balanced by Re.
Similarly for the weight of the trailer.

Hence, T = - 30 N.
. In this case, the force in the tow-bar is still a thrust of 30 N.

WORKED EXAMPLE 5.3

A model train consists of an engine (locomotive) coupled to a cha in of four trucks. The coupling between the
engine and the first truck and each coupling between trucks are modelled as rigid rods . The train is moving on a
straight horizonta l track. T he engine has mass 0.8 kg and each truck has m ass 0.2 kg when empty. The resistance
to motion is 0.06 N on the engine and 0.01 N on each truck. The driving force produced by the engine is 3 N.

a A mass of 0.1 kg is placed in each truck . Find the tension in each coupling.
b F ind the tension in each coupling if, instead , the 0.4kg is a ll pla ced in the last truck .

•

Answer

a

3N

3N

3N

3N

SN

O.~ O.~ O.~ O.~ 0.06 ~
- ~ T4 ~ T3~ T2~
3N

3N

3N

T1

~ .

3N

Draw a diagram to show the forces acting on
the engine and each truck.

SN

Newton's second law for t he system:

The resultant horizontal forces on the system

3 -(0.06 + 0.01 + 0.01 + O.Ol + O.O l) = (0.8 + 4 x O. l + 4 x 0 ,2 )a are the driving force and the resistances.
3 - 0.1 = 2a
a= 1.45 ms-2
Newton's second law for the engine and each truck separately:
3 - 0.06 -

Ti = 0.8a

T1 = l.78N

T) - 0.01- T2 = 0.3a

T2 = l .335N

T2 - 0.01- T3 = 0.3a

T3 = 0.89N
T4 = 0.445N

T3 - 0.01 - T4
and T4

-

= 0.3a

The acceleration is the same for the engine
and for each truck.
There are five equations and four unknowns.
The 'spare' equation can be used to check the
values.

0,01 = 0.3a

b
6N

2N

2N

2N

8N

O.? O·~ O.~ 0.90.06 ~N
T3 ~T2

T4
6N

2N

2N

Newton's second law for the system:
3 - 0. I = 2a
a = l.45m s- 2

T1
2N

~ .

Draw a new force diagram.

SN

The resultant horizontal forces on the system
are the driving force and the resistances.
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Newton's second law for the engine and each truck separately:
3 - 0.06 - Ti = 0.8a
T1 - 0.01 - T2 = 0.2(/

T2 = 1.48 N

T2 - 0.01 - T3 = 0.2(/

~=l.18N

= 0.2a
0.01 = 0.6a

T4 = 0.88N

T3 - 0.01- T4

and T4

-

T1 = l.78N

The acceleration is the same for the engine
and for each truck.

1

A tractor is connected to a trailer by a rigid, light bar. The tractor has mass 10 OOO kg and the trailer has mass
2000 kg. The tractor and trailer are moving along a straight horizontal road. The tractor engine produces a
driving force of 400 N. The resistance on the tractor is 40 N and the resistance on the trailer can be ignored.
Find the tension in the bar.

2

A car of mass 1200 kg tows a trailer of mass 300 kg. The car and trailer travel along a straight horizontal
section of road. The engine of the car produces a driving force of 400 N. The car experiences a resistance of
150 N and the trailer experiences a resistance of 100 N.
a Find the acceleration of the car and trailer.
b Find the tension in the tow-bar.

CD

3

A box of weight 250 N is pulled across a smooth horizontal floor, using a horizontal rope. The tension in the
rope is 20N.
a Work out the acceleration of the box.
b What modelling assumptions have been made?

A box of weight 100 N is connected to a second box of mass 150 N , using a connecting rod. The 150 N box
is pulled across a smooth horizontal floor, using a horizontal rope. The tension in this rope is 20 N and air
resistance can be ignored.

c Work out the tension in the connecting rod between the two boxes.
d Work out the tension in the connecting rod if the rope is attached to the 100 N box instead, but otherwise
the situation is unchanged.
4

A truck of mass 2000 kg tows a trailer of mass 800 kg. The engine of the truck produces a driving force of
300 N. A resistance of 120 N acts on the truck and a resistance of 40 N acts on the trailer. The truck and
trailer are moving along a straight horizontal road and initially the trailer is empty.

a Find the tension in the tow-bar when the trailer is empty.
A load of mass 1200 kg is then added to the trailer, which increases the resistance on the trailer to 80 N. The
forces on the truck are unchanged. The truck and trailer return along the same straight horizontal road.
b Find the tension in the tow-bar when the trailer carries this load.

~

5

A car of mass 2000 kg pulls a caravan of mass 1200 kg along a straight horizontal road. The resistance on
the car is 20 N and the resistance on the caravan is 80 N. The maximum possible driving force from the car's
engine is 1900 N . The tow-bar will break if the tension exceeds 680 N.

a Find the maximum possible driving force before the tow-bar breaks.
b

Find the maximum possible acceleration.

•
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6 A bucket hangs from a vertical rod. Another rod is attached to the bottom of the bucket and a second bucket
hangs on the end of this rod. Each bucket is partially filled with water and they hang in equilibrium.
a

Work out the tension in each rod when:
each bucket of water has mass 12 kg
ii

the first bucket of water has mass 8 kg and the second has mass 16 kg.

b What assumptions have been made?

~

7 A 15 kg mass hangs in equilibrium on a heavy chain. The chain is modelled as ten 1kg masses joined by short
rods of negligible mass. Including the connection at each end of the chain, this makes 11 short rods. Work out
the tension in each of the 11 short rods.
8 A horizontal bar of mass 1kg hangs from a pair of parallel vertical rods, of negligible mass, attached to either
end of the bar. A third vertical rod is connected to the middle of the bar and a 4 kg mass hangs from this,
below the rod. Work out the tension in each of the rods.
9

A train consists of an engine and five carriages. The engine has mass 100 OOO kg and each carriage has mass
20 OOO kg. The engine produces a driving force of 350 OOO N. The resistance force on the engine is 10 OOO N and
the resistance on each carriage is 2000 N. The train moves in a straight line on a horizontal track. Find the
tension in the coupling between the third carriage and the fourth carriage.
1
.
20
The car has mass 1900 kg and the caravan has mass 600 kg . The driving force from the engine of the car is
1200 N. The resistance on the car is 20 N and that on the caravan is 80 N. Find the force in the tow-bar and
state whether it is a tension force or a thrust force .

10 A car pulls a caravan up a hill. The slope of the hill makes an angle

•

e with the horizontal, where

sine

=

1
.
20
The car has mass 1900 kg and the caravan has mass 600 kg . The car is braking, so the driving force from the
engine of the car is negative. This braking force is 250 N (a driving force of -250 N). The resistance on the car
is 20 N and that on the caravan is 80 N. Find the force in the tow-bar and state whether it is a tension force or a
thrust force.

11 A car tows a caravan down a hill. The slope of the hill makes an angle e with the horizontal, where sine =

~

e

12 A car tows a caravan down a hill. The slope of the hill makes an angle with the horizontal, where
sine = 0.05. The force from the car's engine is a braking force (a negative driving force). The car has mass
1800 kg and the caravan has mass 600 kg. The resistance on the car is 20 N and that on the caravan is 80 N.
The force in the tow-bar is a thrust of 50 N. Show that the force from the car's engine is -420 N.

5.3 Objects connected by strings
There are three main differences between rods and strings:
•
•
•

a string can change direction (for example, by passing over a smooth peg or pulley)
a string can be in tension or be slack (that is, have no tension)
the force in a string can never be a thrust.

We use the term 'string' to mean any rope, chain or cable. You will always assume that
the string is light, so its weight can be ignored.
To keep things simple, you also assume that any strings are inextensible (they do not
stretch).
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When a string passes over a ·mooth pul
direction can change.

, the magnitude of the tension is unchanged but the

Smooth pulley

Forces on components of system
reaction from pulley

T

~T
T
T

reaction from pulley

T
T

It is wrong to apply Newton's second law when the direction of travel changes. (Even
if this gives the right answer, it is mathematically wrong to 'bend' a vector round a
corner.)
When the acceleration of a system of connected objects is constant, you can use the
equations for constant acceleration to calculate velocities, distance travelled or time
taken .

0

DID YOU KNOW?
Archimedes invented many machines as 'amusements in geometry', some of which were used to
defend Syracuse when it was attacked in 212 BCE by the Romans. These machines used levers and
pulleys; for example, an 'iron hand' that could lift the Roman ships into the air and swing them to
and fro until all the Roman soldiers were thrown out.
He also invented a compound pulley that brought him great fame when he used it to move a fully
laden ship with a crew of many men 'as smoothly and evenly as if she had been at sea ', by holding
the head of the pulley in his hand and pulling on the cords.

•

'
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WORKED EXAMPLE 5.4

A box of mass 3 kg is placed on a table. The coefficient of friction between the box and the table is 0.5. A string
is attached to the box and passes over a smooth pulley at the edge of the table. The part of the string between
the box and the pulley is horizontal. After passing over the pulley, the string hangs vertically, with the other end
attached to a ball of mass 2 kg. The system is released from rest.

a Find the tension in the string.
The ball is initially 8 cm below the table top. The ball hits the ground after 1.2 s. The box has not reached the
pulley at this time.
b Find the height of the table.

Answer
a
F

The forces acting on the box are:
•
•
•
•

its weight (30 N)
the normal reaction from the contact with
the table (R)
the tension in the string (T)
the frictional resistance (F).

The forces acting on the ball are:
•
•

•

its weight (20 N)
the tension in the string (T) .

The two tensions are numerically equal
because the pulley is smooth.
The (horizontal) acceleration of the box is
numerically equal to the (vertical) acceleration
of the ball since otherwise the string would
either snap or would go slack.
Resolving vertically for the box :
R = 30

F=µR
= 0.5 x 30

The box does not move vertically so there is no
resultant force vertically.
The box is moving so friction is at its limiting
value.

= 15

Newton's second law for the box (horizontally, left to right):
T - F = 3a

T - 15 = 3a
Newton's second law for the ball (vertically downwards):

The box and the ball are moving in different
directions, so we must treat the (horizontal)
motion of the box and the (vertical) motion of
the ball separately.

20 -T = 2a

Hence, 2T - 30 = 60 - 3T.
So T = 18.
The tension in the string is 18 N.

Solve the equations simultaneously by
eliminating a.

:~~~~;:~~

.'>'·:-_:s'.J;

:/,'.,,~~~~ -~~~~
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b a= I

Substitute T = 18 into 20 - T = 2a.

The box and the ball each accelerate at 1m s-

2

.

For the ball:
u=Oms- 2 , a=lm s- 2 , t=l .2s
1 1
s = ut + 2" at= _!_

Use an equation for constant acceleration.

x I x 1.2 2

2
= 0.72
The ball falls 0.72 m. So the height of the table is 72 + 8 = 80 cm .

WORKED EXAMPLE 5.5

A crate of mass 500 kg rests on a slope and is attached to a rope that passes over

a smooth pulley. The slope is inclined at 20° to the horizontal. The coefficient of
friction between the slope and the crate is 0.1.
What happens to the crate when a force of 2000 N is applied to the vertical part of the rope? ...::::;...__._...;::;.;;.._

Answer
The pu lley is smooth so the tension in the rope at the point of
contact with the crate is also 2000 N .
If the crate slides up the slope:

We are not told whether or not the crate moves
up the slope, is stationary or moves down the
slope.

R

SOOON

Resolving perpendicular to the slope:
R = 5000 cos 20
= 4700N
The crate is sliding,
so F = O.IR

Friction is limiting so F = µR.

= 470N
Component of weight down slope= 5000sin20
= 1710N
Resultant force up slope= 2000 - 470 - 1710
= - 180N
This means that the acceleration up the slope would be negative,
and since the crate is initially at rest we can conclude that it does
not slide up the slope.

•
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If the crate slides down the slope:

The only difference is that the friction now
acts up the slope.

R

As before, R = 5000 cos 20
= 4700N
and F = 0.1 x R = 470 N
and component of weight down slope = 1710 N
Resultant force up slope

= 2000 + 470 = 760N

1710

This means that the acceleration up the slope would be positive,
and since the crate is initially at rest we can conclude that it does
not slide down the slope.
Therefore, the frictional force is sufficient to allow the crate to
rest on the slope without sliding.

•

An alternative approach is to calculate the frictional force needed
for equilibrium and compare it to the limiting value of friction .
The component of the weight down the slope is 17 l 0 N and the
force up the slope is 2000 N , so the forces are in equilibrium when
the frictional force is 2000 - 1710 = 290 N down the slope.
The limiting (maximum) value of F is µR

= 4 70 N .

This is greater than the frictional force needed for equilibrium,
so, in this situation, friction is not limiting and is sufficient to
prevent the crate from sliding.

MODELLING ASSUMPTIONS

In all the problems in this chapter you are making assumptions about the way that objects
are connected.
The mass of a real rod will affect the equation in Newton's second law, but if the mass is
sufficiently small in comparison to the mass of the objects, the effect in the equation is negligible.
If a string moves around a pulley, the mass of the string moving in the different directions
on either side of the pulley will be constantly changing. This would make the problem much
more complicated but, because strings tend to be much lighter than the objects they pull, you
consider the mass to be negligible.

You are assuming the string is inextensible, which means the objects on either side of the
string accelerate at the same rate in the direction of the string. Strings generally do extend
slightly under tension, but the extension is sufficiently small to ignore.
You are assuming the pulley is smooth. This means that the tension in the string on either
side is the same, and also that the string slides over the pulley. With friction, the pulley
itself may rotate, and factors such as the mass of the pulley would affect the motion. This
makes the problem much more complicated.
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1 In each of the following diagrams, the blocks are at rest and are connected by light strings passing over
smooth pulleys. Any hanging portion of a string is vertical and any other portion is parallel to the surface.
Unless marked otherwise, the surfaces are rough and horizontal. In each case, find the magnitude of the
tension in each string and the magnitude of any frictional force.
a

b

4kg

~

c=i

3kg

c

4kg....

%

A

4kg

0

d

3 kg

8

2 A bucket of mass 3 kg rests on scaffolding at the top of a building. The scaffolding is 22.5 m above the ground.
The bucket is attached to a rope that passes over a smooth pulley. At the other end of the rope there is another
bucket of mass 3 kg, which initially rests on the ground. The bucket at the top of the building is filled with
6 kg of bricks and is gently released. As this bucket descends, the other bucket rises .
a

Find how long it will take the descending bucket to reach the ground.

b What modelling assumptions have been made?
3 A light inextensible string is fixed to a point on a ceiling. A box of mass 2 kg hangs from the string. Two light
inextensible strings are attached to the box and hang vertically below the box. A particle of mass 0.4kg hangs
from the lower end of one string and a particle of mass 0.6 kg hangs from the lower end of the other string.
Work out the tension in each string.
4 A block of mass 5 kg hangs from one end of a light inextensible string of length 2 m. The string passes over a
small smooth pu I ley at the edge of a smooth horizontal table of height 70 cm. The other end of the string is
connected to a block of mass 3 kg held at rest on the table. The portion of the string between the pulley and
the 3 kg mass is horizontal and of length 1.5 m. The system is released from rest.
a

How long does it take for the 5 kg mass to reach the ground?

b What is the speed of the 3 kg mass when the 5 kg mass hits the ground?
The 3 kg mass continues to slide towards the pulley.
c

How long does it take, from when the system is released , for the 3 kg mass to reach the pulley?

5 A mass X, of 1 kg, hangs from one end of a light inextensible string. The string passes over a small , smooth,
fixed pulley and a mass Y, of 0.6 kg, hangs from the other end of the string. Initially X is 0.4 m below the
pulley and Y is 1.8 m below the pulley. The pulley is 3 m above the ground. The system is released from rest.
a

Find how long it takes from when the system is released until Y hits the pulley.

When Y hits the pulley, the string breaks.
b Find how long it takes from when the system is released until X hits the ground.

•
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6

A block of mass 4 kg is held on a rough slope that is inclined at 30° to the horizontal. The coefficient of
friction between the slope and the block is 0.2. A light inextensible string is attached to the block and runs
parallel to the slope to pass over a small smooth pulley fixed at the top of the slope. The other end of the
string hangs vertically with a block of mass I kg attached at the other end. The system is released from rest.
a

Work out the tension in the string.

After 1.2 s the block of mass 4 kg reaches the bottom of the slope. The other block has not yet reached the pulley.
b Work out a lower bound for the length of the string, giving your answer to 2 significant figures.
7

A particle of mass 0.3 kg hangs from one end of a light inextensible string. The string passes over a smooth
pulley and a particle of mass 0.5 kg hangs from the other end. A second string is tied to the particle of mass
0.5 kg, and a particle of mass 0.2 kg hangs from this string, so that the particle of mass 0.2 kg hangs vertically
below the particle of mass 0.5 kg. The system is released from rest. Find the tension in each string.

8 Two smooth pulleys are 8 m apart at the same horizontal level. A light inextensible rope
passes over the pulleys and a box of mass 5 kg hangs at each end of the rope. A third box
of mass m kg is attached to the midpoint of the rope and hangs between the pulleys so
that all three boxes are at the same horizontal level.

4m

4m

The total length of the rope is 16 m. Find the value of m.

~

9

Two smooth pulleys are fixed at the same horizontal level. A light inextensible rope passes over the pulleys
and a box of mass m kg hangs at each end of the rope. A third box of mass km kg is attached to the midpoint
of the rope and hangs between the pulleys so that all three boxes are at the same horizontal level. The portions
of the string that are not vertical make an angle of 30° with the horizontal. The system hangs in equilibrium.
Find the value of k.

10 A mass of 2 kg is held on a rough horizontal table. The coefficient of friction between the table and the

mass is 0.05. The 2 kg mass is attached by a light inextensible string to a mass of 3 kg and by a second light
inextensible string to a mass of 4 kg. The strings pass over smooth pulleys at the edges of the table. The 3 kg
mass hangs on one side of the table and the 4 kg mass hangs on the other side of the table. The system is
released from rest. Find :
a

the acceleration of the masses

b the tension in each string.

0

~

11 A wedge has two smooth sloping faces; one face makes an angle 30° with the horizontal and the other makes

an angle 60° with the horizontal. A small smooth pulley is fixed at the apex of the wedge. A light inextensible
string passes over the pulley and lies parallel to the faces of the wedge. At each end of the string there is a
particle of mass 0.3kg. The system is released from rest.
3
a Show that the tension in the string is ( J3) N.
4 1+ 3
b Work out the resultant horizontal force on each of the particles.

0

~ 12 A box of mass 3 kg hangs from a light inextensible string, which passes over a smooth pulley
fixed below a beam and then under a smooth cylinder of mass 4 kg that is free to move.
The other end of the string is fixed to the beam.
The system is released from rest.
a

Explain why the magnitude of the acceleration of the cylinder is half the magnitude of the acceleration of
the box.

b Find the acceleration of the box, including its direction.

Chapter 5: Connected particles
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13 A horizontal shelf of mass 1kg hangs from four strings. A book of mass 0.2 kg sits on the shelf. Four strings
are attached to the underside of the shelf and a second horizontal shelf of mass 1kg hangs from these strings.
a

What modelling assumptions can be made about the strings?

b Find the tension in each of the upper set of strings.
c

Find the tension in each of the lower set of strings.

The book is moved to the lower shelf.
d How does this change the tensions in the strings?

EXPLORES.1

What would happen in the situation described in question 12 of Exercise 5B if the
string passed over a second fixed pulley and under a second cylinder of mass 4 kg
before being fixed to the beam? Investigate what happens if the masses are changed.

5.4 Objects in moving lifts (elevators)
When a person travels up or down in a lift, the floor of the lift acts as a connection
between the person and the lift.
person in lift

person

lift

•

!I !

For the system (person in lift), the forces are the weights and the tension in the lift cable.
The forces on the person are their weight and the normal reaction from the floor of the lift.
The forces on the lift are the reaction from the person on the floor (which, by Newton's
third law, is equal and opposite to the normal reaction from the floor on the person), the
weight of the lift and the tension in the lift cable.
When you consider the lift and the person as a single object, the normal reaction forces cancel out.
When the lift is accelerating, the normal reaction from the person on the lift is not the
same as the weight of the person.
Suppose that the tension in the cable is T , the normal reaction is R, the weight of the lift is
W and the weight of the person is w, where these forces are all measured in newtons.
T

W

IV

T

If the lift is accelerating upwards with acceleration am slaw to the system:

T - W - w = (M + m)a

WR

w
2

,

you can apply Newton's second

•
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where m is the mass of the person and M is the mass of the lift, both in kg.
You can also apply Newton's second law to the person and the lift separately:

R - w = ma and T - R - W

= Ma

You can then calculate the acceleration of the lift, the tension in the cable or the normal
reaction between the person and the floor.
If a is negative it could be because the lift is travelling upwards but slowing down or

because it is travelling downwards and speeding up.
If a is positive it could be because the lift is travelling upwards and speeding up or because

it is travelling downwards and slowing down.
WORKED EXAMPLE 5.6

A woman of mass 50 kg is travelling in a lift of mass 450 kg. The tension in the cable pulling the lift upwards is
5250 N. Calculate the acceleration of the lift.
Answer
lift and woman

lift

5250N

5250N

t

~

Q
4500N

woman

SOON

R

!

500

4500N R

For the system:
5250 - 4500 - 500 = ( 450 + 50)a
250 = 500a

Apply Newton's second law to the whole system.

a= 0.5 ms- 2

To find the acceleration you can work either with the entire system or with the individual
components. In Worked example 5.6 we used the system and in Worked example 5.7 we
show the same idea but using the individual components. To find the reaction forces you
need to consider the individual components.
WORKED EXAMPLE 5.7

A man of mass 80 kg and a woman of mass 70 kg are travelling in a lift of mass 500 kg. The tension in the cable
pulling the lift upwards is 6890 N. Calculate the acceleration of the lift and the reaction forces between the lift
floor and each of the passengers.
Answer
lift
6890N

man

Ql

SOON

5000N R, + R,

woman

i'

700N

To find the reaction forces we need to use the
individual components.

Chapter 5: Connected particles

For the lift: 6890 - 5000 - R1 - R2
For the man :

= 500a

R1 - 800 = 80a
- 700 = 70a

For the woman :

R2

1890 - 800 - 700 = 650a
a=

Add the equations to eliminate R1 and R 2 .

0.6ms- 2

R1 - 800 = 80 x 0.6 R1 = 848 N reaction from floor on man
R2 - 700 = 70 x 0.6 R2 = 742 N reaction from floor on woman

1

Apply Newton's second Jaw to the individual
components.

Substitute a = 0.6 back into the previous
equations to find R1 and R2 .

A crate of mass 20 kg is put into a lift. The lift accelerates upwards at 0.3 m s- 2 . The tension in the lift cable is
5000N.
a

Find the contact force between the lift floor and the crate.

b Find the mass of the lift, giving your answer to the nearest kg.
2

A crate of mass 20 kg is put into a lift. The mass of the lift is 300 kg. Find the tension in the lift cable:
a

when the lift accelerates upwards at 0.3 m s-2

b when the lift travels at constant speed
c

~

when the lift accelerates downwards at 0.3ms-2.

3

A man of mass 80 kg stands in a lift. The mass of the lift is 400 kg . The lift starts to travel downwards with an
acceleration of 8 m s- 2. The tension in the lift cable is kR , where R is the contact force between the man and
the lift floor. Find the value of k .

4

A crate of mass 40 kg is put into a lift. The lift accelerates upwards at 0.4 m s- 2 . The mass of the lift is 460 kg.
a

Find the tension in the lift cable.

b Find the contact force between the lift floor and the crate.
5

A box of mass 20 kg sits on the floor of a lift. A second box of mass 10 kg sits on top of the first box and a
third box of mass 5 kg sits on top of the second box. When the tension in the lift cable is 4620 N , the lift is
accelerating upwards at 0.5 ms- 2 .
a

Work out the mass of the lift.

b Work out the reaction between the floor of the lift and the first box.
c

Work out the reaction between the first box and the second box.

d Work out the reaction between the second box and the third box.

~

6

The mass of a lift is 200 kg and the maximum tension in the lift cable is 2500 N .
a

Work out the maximum upwards acceleration of the lift when it is empty.

The lift carries a load of 40 kg. The lift accelerates upwards with the maximum upwards acceleration possible.
b Work out the contact force between the lift floor and the load.

•

-
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A crate of mass m kg is put into a lift. The lift accelerates upwards at am s-2 . The mass of the lift is M kg.
a

Find the tension in the lift cable.

b Find the contact force between the lift floor and the crate.

0

8

A box of mass 5 kg sits in a lift. A second box of mass 3 kg sits on the first box. The lift accelerates upwards
with acceleration 0.7 m s-2 .

a Work out the contact force between the two boxes.
The tension in the lift cable is unchanged but the boxes are swapped over, so the first box sits on the
second box.
b Show that this increases the contact force between the boxes.

~

9

A passenger lift has mass 500 kg. The breaking tension of the cable is 12 OOO N. The maximum acceleration of
the lift is 0.75 ms-2 .

a If the lift travels at its maximum acceleration, calculate the maximum mass of the passengers:
when the lift is accelerating upwards
ii when the lift is accelerating downwards.
b

~

Taking the average mass of a person to be 75 kg, what is the maximum number of passengers that should
be allowed to travel in the lift?

10 The tension in a lift cable is 11070 N. The lift is accelerating upwards at am s- 1. A man of weight 800 N stands
in the lift on a set of bathroom scales. The scales suggest that the weight of the man is 820 N. Assuming that

the scales have negligible weight, find the weight of the lift.

~

11 Two masses, A of 2 kg and B of 3 kg, are connected by a light inextensible string that passes over a small,

smooth, fixed pulley. Initially, the masses are held stationary and are then released.

a Find the acceleration of each mass.
The pulley is fixed to the wall of a lift. The lift is initially stationary. The lift has mass 400 kg and a man of
mass 75 kg is travelling in the lift, along with the pulley system. There is nothing else in the lift. The lift starts
to move upwards, from rest, by a tension in the lift cable of 4992 N.
b Find the acceleration of the lift.

c Find the acceleration of each of A and B, as viewed by a person standing stationary outside the lift.

•

Newton's third law states that for every action there is an equal and opposite reaction. This
means that in every interaction there is a pair of forces that have the same magnitude, but which
act in opposing directions.

•

When a string passes over a smooth pulley, the magnitude of the tension is unchanged but the
direction can change.

•

Newton's second law can be applied to a system of connected objects, either to the entire system
or to individual components of the system, provided they move with the same acceleration and
in the same direction.

Chapter 5: Connected particles
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1

A 10 m long slope makes an angle 30° with the horizontal. A box of mass 8 kg is pulled up the slope by a rope
that is parallel to the slope. The coefficient of friction between the box and the slope is

}i. At the top of the

slope, the rope passes over a smooth pulley. A ball of mass 12 kg hangs from the other end of the rope. The ball
is initially 2 m above the ground. The system is released from rest.
a

Find how long it will take for the box to travel 1.5 m up the slope.

b Find the tension in the rope.

2

when the driving force from the engine is 400 N

[3]

b when the driving force from the engine is 20 N.

[2]

A crate of mass 15 kg rests on a platform. The platform has mass 5 kg. It is lowered using a rope. The tension in
the rope is 10 N .
a

Find the acceleration of the crate.

b Find the contact force between the platform and the crate.

4

[2]

A car is travelling along a straight horizontal road. The car has mass 1800 kg and is towing a trailer of mass 600 kg.
Resistance forces are 30 N on the car and 10 N on the trailer. Find the size and type of force in the tow-bar:
a

3

[3]

[21
[31

Particles P and Q, of masses 0.6 kg and 0.4 kg, respectively, are joined by a light inextensible string that
passes over a small, smooth, fixed pulley. The particles are held at rest with the string taut and its straight parts
vertical. Initially, both particles are 1.45 m above the ground and 0.25 m below the pulley. The system is released
from rest.
a

Find the speed of P when Q reaches the pulley.

[4]

The string then breaks and P falls to the ground.
b Find the time from when the system is released to when P hits the ground.

~

5

[41

Particles A and B , each of mass 0.5 kg, are attached to the ends of a light inextensible string. Particle A is held
on a smooth slope inclined at 30° to the horizontal. The string passes over a small smooth pulley at the top of
the slope and particle B hangs vertically below the pulley. Particle A is released and moves up the slope.
a

Find the acceleration of particle A up the slope.

[3]

Particle B hits the ground after 1.2 s. It then stays on the ground and particle A travels further up the slope.
Particle A does not reach the pulley in the subsequent motion.
b Find the distance travelled by particle A, from when it is released to when it comes to instantaneous rest. [5)

~

6

Particles A and B , of masses 0.5 kg and 2.5 kg, respectively, are attached to the ends of a light inextensible
string. Particle A is held on a rough horizontal surface with coefficient of friction 0.2. The string passes over
a small smooth pulley at the edge of the surface, at a distance 5 m from particle A. Particle B hangs vertically
below the pulley. Particle A is released and particle B descends 1m to reach the ground. When particle B reaches
the ground, it stays there. Find the time taken from the start until particle A comes to instantaneous rest.
[8]

•

I

I

Cambridge International AS &A Level Mathematics: Mechanics

~

4D

7

:

A crate of mass 20 kg is pulled vertically upwards using a rope that passes over a first pulley, under a second
pulley and over a third pulley. At the other end of the rope there is a ball of mass 30 kg. Each pulley has mass
m kg. The first and third pulleys are fixed at the same horizontal level and are 4 m apart. The second pulley is
an equal distance from the first and third pulleys and hangs at a distance 2 m below them. It is not fixed, but it
does not move.
a What modelling assumptions need to be made? Which of these assumptions is unlikely to affect the
equilibrium of the second pulley?

(3]

b Find the value of m.

(5]

® s

--~~~~~~- 4m~~~~~~--

p

•

A light inextensible string of length 5.28 m has particles A and B , of masses 0.25 kg and 0. 75 kg respectively,
attached to its ends. Another particle, P , of mass 0.5 kg , is attached to the mid-point of the string. Two small
smooth pulleys Pi and P2 are fixed at opposite ends of a rough horizontal table of length 4 m and height 1m. The
string passes over Pi and P2 with particle A held at rest vertically below fl, the string taut and B hanging freely
below P2 • Particle P is in contact with the table halfway between Pi and P2 (see diagram). The coefficient of friction between P and the table is 0.4. Particle A is released and the system starts to move with constant acceleration of magnitude am s-2 . The tension in the part AP of the string is TA N and the tension in the part PB of the
string is T 8 N.

•

Find TA and T8 in terms of a.

(3]

ii

Show, by considering the motion of P that a= 2.

(3]

iii

Find the speed of the particles immediately before B reaches the floor.

(2]

iv Find the deceleration of P immediately after B reaches the floor.

[2]
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Particles A and B , of masses 0.5 kg and 2.5 kg, respectively, are attached to the ends of a light inextensible
string. Particle A is held on a rough slope. The slope is inclined at 30° to the horizontal and the coefficient of
friction between the slope and particle A is 0.3. The string passes over a small smooth pulley at the top of the
slope and particle B hangs vertically below the pulley. The length of the slope is 4 m and the length of the
string is 3 m. Particle B is 1m above the ground. Particle A is released and moves up the slope. When particle B
reaches the ground the string is cut. Show that particle A does not reach the pulley.
[11]

10 Particles A and B, of masses 0.2 kg and 0.45 kg respectively, are connected by a
light inextensible string of length 2.8 m. The string passes over a small smooth
pulley at the edge of a rough horizontal surface, which is 2 m above the floor.
Particle A is held in contact with the surface at a distance of 2.1 m from the pulley
and particle B hangs freely (see diagram). The coefficient of friction between A and
the surface is 0.3. Particle A is released and the system begins to move.

ii

2.lm
Ao

2m

Find the acceleration of the particles and show that the speed of B
immediately before it hits the floor is 3.95 m s- 1, correct to 3 significant figures.

(7]

Given that B remains on the floor, find the speed with which A reaches the pulley.

[4]
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Particles A and B , of masses 0.3kg and 0.7 kg respectively, are attached to the ends of a light inextensible
string. Particle A is held at rest on a rough horizontal table with the string passing over a smooth pulley fixed at
the edge of the table. The coefficient of friction between A and the table is 0.2. Particle B hangs vertically below
the pulley at a height of 0.5 m above the floor (see diagram).
The system is released from rest and 0.25 s later the string breaks. A does not
reach the pulley in the subsequent motion. Find

ii

the speed of B immediately before it hits the floor,

[9]

the total distance travelled by A.

[3]
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12 A slope is inclined at 30° to the horizontal. A small box A , of mass 2 kg , is held on the slope. Box A is attached

to one end of a light inextensible string. The string passes over a small smooth pulley, Pi, fixed at the top of the
slope and then passes under a small smooth pulley, P 2, fixed near ground level. The other end of the string is
attached to a small box B , of mass 2 kg , at rest on the ground. The ground is horizontal and the portion of the
string between pulley P 2 and box B is horizontal (see diagram) . The coefficient of friction between box A and
the slope is 0.2 and the coefficient of friction between box B and the ground is µ.
The distance from the bottom of the slope to A is 1m and the distance from pulley P 2 to B is 0.6 m. Box A is
released and the system begins to move. It takes 1s for box B to reach pulley P 2 .
P,

~6
a Find the speed of box B just before it hits the pulley.

[2]

b Show that the tension in the string is 4.14 N, to 3 significant figures.

[3]

c Find the value of µ.

[3]

When box B hits the pulley, the string breaks.
d Find the speed of box A just before it reaches the bottom of the slope.

[6]

•

