In this chapter you will learn how to:
•
•
•
•

calculate the size of frictional forces
use friction to solve problems in motion
determine the direction of motion of an object
solve problems where a change in direction of motion changes the direction of friction .
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PREREQUISITE KNOWLEDGE

Where it comes from

What you should be able to do

Check your skills

IGCSE I 0 Level
Mathematics

Use Pythagoras' theorem.

1

Find the hypotenuse of a right-angled triangle with
short sides of length 8 m and 15 m.

I GCSE I 0 Level
Mathematics

Use trigonometry for rightangled triangles .

2

A triangle, L.ABC, has a right angle at B. Length
BC is 7 m and L.BA C is 35°. Find length AC.

Chapter 2 I Chapter 3

Resolve forces and use
Newton's second law.

3

A box of mass 5 kg is on a slope at an angle of
10° to the horizontal. It is pulled down a slope
with force 8 N parallel to the slope. Find the
acceleration of the box.

How does friction work?
When a box is at rest on the floor it is in equilibrium with the weight balanced by a contact
force. It does not matter if there is friction or not because no frictional force is required
for the box to stay in equilibrium. However, when you gently push the box horizontally,
it may still remain in equilibrium and not move. This is because friction prevents it. As
you increase the pushing force the box may still not move. This suggests that friction can
change value in order to prevent motion.
At some point the pushing force on the box will be large enough to overcome friction and
the box will slide along the floor. What factors affect the point at which this occurs? Does
it depend on the size or shape of the object? It is reasonable to expect the size of the force
will depend on the two surfaces in contact. But what else affects it?
Once the force is large enough to overcome friction, how does friction behave? Does
friction remain fixed or does it change depending on the motion?
All these questions will be considered in this chapter.

4.1 Friction as part of the contact force

Connect a spring balance to a block of wood on a horizontal surface. Increase the
force on the spring balance horizontally until the block starts moving. When the
block is at rest, the friction force takes a large enough value to prevent motion. When
it starts moving, try to keep it moving slowly at a constant speed and read off the
force on the spring balance. This will be equivalent to the frictional force. Try this
on different surfaces and you should see that some surfaces have different amounts
of friction. Try moving the block at different constant speeds. The size of friction
should not be affected by the speed of the object.
Try resting a small mass on top of the block before pulling it horizontally. The
frictional force should be larger now. This suggests that the mass may affect the size of
friction. However, the mass also affects the normal contact force. By adding a mass and
simultaneously lifting the block slightly with another spring balance (quite difficult in
practice), the size of the force of friction goes down again despite the larger mass. This
suggests it is the size of the normal contact force that affects friction, not the mass.

•
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If there is friction between two surfaces, the contact is called rough . If there is no friction
the contact is called smooth .
If there is no motion, friction takes whatever value is required to prevent motion. This means that

if an object is at rest on a horizontal surface with no forces other than its weight acting on it, there
will be no friction. When a force acts on the object, but is not strong enough to cause motion,
friction will act in the opposite direction to the force. As the force is increased friction will
increase until the point when the force is large enough to overcome the friction and cause motion.
When the force on the object is large enough that the object is still in equilibrium but any
more force would cause motion, the object is said to be in limiting equilibrium. At this point
friction will take a fixed , maximum value. That value depends on two main factors: how
rough the surfaces are and the normal contact force between them. Each pair of surfaces
has a coefficient of friction , denoted by µ , which gives a numerical value for how rough the
surface is. The size of friction is limited to a value µ times the normal contact force.

0

DID YOU KNOW?

Surprisingly, friction will not noticeably depend on the amount of area in contact between the two
surfaces. A larger area would create more friction, but it also spreads out the normal contact force
over a larger area so has almost no net effect.

KEY POINT 4.1

•

Friction can take any value up to its limiting value.
F,,; µR

If the object is moving relative to the surface, friction will take the limiting value:
F=µR

where R is the normal contact force.

A typical value forµ is between 0.3 and 0. 7, although surfaces that are not as rough may
have a smaller coefficient of friction and surfaces that are extremely rough may have a
larger coefficient of friction , possibly bigger than 1, although this is unusual. A 'smooth'
surface has no friction , which is equivalent toµ and takes the value 0.
Friction depends on the normal contact force between the surfaces, so we say it is 'part
of the contact force', and it acts parallel to the surface whereas the normal contact force
is perpendicular. This means the total contact force is the resultant of the normal contact
force and the friction force. We calculate it in the usual way by considering a right-angled
triangle and using Pythagoras' theorem.
KEY POINT 4.2

The total contact force can be found from C =

,JR 2 + F 2 .

The direction of the total contact force is at an angle of tan- 1 (~)to the normal contact force.

When an object is stationary, but about to move, friction will take the limiting value. We
say the object is in limiting equilibrium, or we can use the phrase 'on the point of slipping'.
This means that any extra force would make the object start moving.
Sometimes it is not clear which way friction acts. Suppose a car is on a rough slope with a
tow rope attached on the end of the car facing up the slope. Tension in the rope is acting

I
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parallel to the line of greatest slope in an upwards direction. We don't know if the tension
is there to try to pull the car up the slope, or to help prevent the car moving down the slope.
Friction will act in different directions depending on the situation.
The two possibilities are shown by the two force diagrams. If the tension in the rope is
large, fr iction may act down the slope to prevent the car going up the slope (shown in the
left diagram). If the tension is small, fr iction may act up the slope to prevent the car going
down the slope (shown in the right diagram).
R

R

~
mg

~
mg

In situations where it is not clear which way fr iction acts, you must make an assumption
about what happens in the subsequent motion. You need to be aware of the significance of
getting a negative value.

If yo u assume friction acts in one di rection and then solving the equations gives a negative value for
fricti on, it means your assumption was wrong. It means that friction has the same magnitude but in
the other direction. You sho uld state that the direction is not as marked on your diagram.

The value of friction given by equations may be too large because friction is limited to µR.
If that happens, then the object cannot be in equilibrium.

If the value calculated for friction to keep the object in equilibrium is larger than the ]jmiting value,
the object cannot remain in equilibrium.

Forces 'parallel to the
slope' act along the line
of greatest slope. Any
other direction parallel
to the surface will not
be as steep, which is
why roads up steep
slopes wind up rather
than go straight up.
In this course, forces
will generally act along
lines of greatest slope.

WORKED EXAMPLE 4.1

A box of mass 5 kg is at rest on horizontal ground. The box is being pulled by a horizontal force of 8 N . Find the
total contact force.
Answer
~R

F

rn

..,._f----+-+--+--•~

1

1

W

8N

SgN

R = 5g = 50N

Resolve vertically to fi nd R .

F=SN

Resolve horizontally to find F.
Note that the box is at rest, so fr iction must be of the
magnitude to prevent motion.

C

= .JF 2 +R 2 = 50 .6N

Use Pythagoras' theorem to find the total contact force .

•
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WORKED EXAMPLE 4.2

a A book of mass 8 kg is at rest on a rough slope, which is at an angle of 20° to the horizontal. The book is
held in limiting equilibrium by a force of 10 N up the line of greatest slope. F ind the coefficient of friction
and the magnitude of the contact force .
b Find the largest fo rce up the slope for which the book remains at rest.

Answer

a

R

~

The force diagram assumes the book is on the point of
slipping down rather than up the slope.

R = 8g cos 20 = 75 .2N

Resolve perpendicular to the slope first to find R.

8gsin20 = F+ 10
F = 17.4N

Resolve parallel to the slope to find F .

20°

8gN

Note that it may not be obvious from the question
whether the book is on the point of slipping up or down
the slope.

If you had assumed the book was about to slip up the

slope and marked friction as acting down the slope, you
would have got - 17.4 N for friction and realised you
had made the wrong assumption: friction should be the
other way.

•

F=µ R

F
µ= R
= 0.23 1
C = .JF 2 + R 2

The book is on the point of slipping, so friction is
limiting.

Use Pythagoras' theorem to find the contact force.

= 77 .2N

b

R

~

If the force up the slope is the largest possible to prevent

R = 8g cos 20
= 75 .2 N

Resolve perpendicular to the slope first to find Ras before.

motion, friction must act down the slope.

8gN

8g sin 20 + F = P
F = µR

=17.4N

P = 44.7N

Resolve parallel to the slope to find P.

Since the book is on the point of slipping, friction is limiting
so we can find F using the value for /1 found in part a.
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WORKED EXAMPLE 4.3

A waste container of mass 400 kg is in equilibrium on a rough slope at an angle of 18° to the horizontal. The
coefficient of friction between the slope and the skip is 0.3. It is held in equilibrium by a winch with tension TN.
Find the range of possible values for T
Answer

When T is minimal:

R

Firstly, consider the case where the winch is providing
the minimum force to prevent the skip from sliding down
the slope.

~
~
400gN

R = 400g cos 18 = 3800N

Resolve perpendicular to the slope first to find R.

400gsinl8 = T+F

Resolve parallel to the slope next to find T

F

= µR = 1140

Since the tension is the minimum possible, friction must
take the maximum value.

T = 94.8

When Tis max imal :

R

Secondly, consider the case where the winch is providing
the maximum force, which is not enough to make the
skip slide up the slope, so friction acts down the slope in
this case.

~~

dr
400gN

R = 400g cos 18 = 3800N

Resolve perpendicular to the slope first to find R as
before.

400 g sin 18 + F = T

Resolve parallel to the slope next to find T.

F

Since the tension is the maximum possible, friction must
take the maximum value.

= µR = 1140
T = 2380

Therefore, the range of values for T is 94.8 ~ T

1

~

2380.

A box is at rest on horizontal ground.
a When it is pulled to the right by a force of 40 N, as shown in the diagram,
find the size and direction of the force of friction.
b When it is instead pushed to the left by a force of 25 N at 20° above the

R

~--40N

horizontal, find the size and direction of the force of friction.
c

When there is no sideways force acting on the box, find the size of the force
of friction .

mg

•
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A box of mass 14 kg is at rest on a slope that is at 15° to the horizontal.
a When there is no external force acting on the box, find the size and direction of the force of friction.
b When it is pulled up the slope by a force of 50 N parallel to the line of greatest

slope, as shown in the diagram, find the size and direction of the force of
friction. (Note that friction is not marked. You will have to decide which
direction you think friction is acting and come to a conclusion based on
whether the answer you get is positive or negative.)
c

R

~
15°

14gN

When the box is dragged down the slope by a force of 20 N at 10° above the line
of greatest slope, find the size and direction of the force of friction.

d When it is pulled up the slope by a force of 15 N at 35° above the horizontal, find the size and direction of

the force of friction .
3 A box of mass 20 kg is at rest on rough horizontal ground. Find the magnitude of the total contact force in
each of these cases.

a The box is pulled horizontally to the right by a force of 40 N.
b The box is pushed to the left by a force of 50 N at 15° above the horizontal,

SON

~~,----.

as shown in the diagram.
c
4

•

.

The box is pushed to the left by a force of 50 N at 15° below the horizontal.

A book of mass 4 kg is at rest on a rough slope at angle 14° to the horizontal. Find the magnitude of the total
contact force in each of these cases .

a No other force acts on the book .
b The book is pulled down the slope by a force of 5 N parallel to the line of

greatest slope.
c

5

The book is pulled up the slope by a force of 15 N at 9° above the line of
greatest slope, as shown in the diagram.

A tin of mass 0.5 kg is on a rough horizontal table with coefficient of friction 0.3. Find the largest horizontal
force that can be exerted on the tin before the tin starts to move.

6 A block of wood of mass 3 kg is on a rough slope, which is at an angle of 25° to the horizontal. The coefficient
of friction between the block and the slope is 0.4. It is held in place by a force, P, going up the line of greatest
slope.

a Find the smallest possible size of P to prevent the block sliding down the slope.
b Given that the block remains in equilibrium, find the largest possible size of P.
7

A chair of mass 6 kg is at rest on a rough horizontal floor with coefficient of friction 0.35. It is pulled
horizontally by a force of 25 N . A boy pushes down on the chair so that the chair is on the point of slipping
but remains at rest. Find the force that the boy exerts on the chair.

8 Two men are trying to drag a bin of mass 100 kg up a rough slope at an angle 20° to the horizontal. The
coefficient of friction is 0 .25. One man pulls up the slope with a force of 400 N. The other tries to lift the bin
perpendicularly to the slope, providing a force such that the bin is on the point of slipping up the slope. Find
the force exerted by the second man.
9 A sledge of mass 200 kg is being pulled by a woman along rough horizontal ground. She exerts a force of
500 N at 18° above the horizontal and the sledge is on the point of slipping. Find the coefficient of friction.
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10

A gardener is trying to move a heavy roller of mass 150 kg along rough ground at an angle of 5° to the
horizontal. He exerts a force of 200 N down the slope and parallel to it and the roller is on the point of slipping.

a Find the coefficient of friction.
b What assumptions have been made to answer the question?

0

11 In a factory, a machine picks up a box by clamping it on both sides. The box of mass 4 kg is held clamped on

both sides by identical clamps with the contacts horizontal. The machine provides a contact force of 50 N
with each clamp. Find the minimum coefficient of friction between each clamp and the box for the box not
to slip.
12 A box of mass 30 kg is at rest on a rough slope at an angle of 20° to the horizontal. When a girl pushes up the

slope along the line of greatest slope with a force of 25 N, the box does not slip down. Find the range of values
for the coefficient of friction between the box and the slope.
13 A ring of mass 2.5 kg is threaded on to a fixed horizontal wire. It is made of a
rubbery material to give it an extremely high coefficient of friction (above 1) and

prevent it sliding along the wire. When it is at rest, the higher part of the ring is in
contact with the wire, so the normal contact force from the wire is upwards, as
shown in the diagram. The ring is attached to a string, which provides a tension of
60 N at an angle of 50° above the horizontal. The ring is now in limiting
equilibrium. The force diagram for the situation is given in the diagram. Note that
the normal contact force is now acting downwards because there cannot be a
vertical component of acceleration, so the lower part of the ring is now in contact
with the wire. Find the coefficient of friction between the ring and the wire.

60N

2.5gN

60N

F

2.5gN

~

14 A box of mass 50 kg is at rest on a slope, which is at an angle of 26° to the horizontal. The coefficient of

friction is 0.4. The box is held in place by a rope attached to a winch pulling up the slope and parallel to it.
Find the minimum and maximum possible values for the tension, T, which the winch could provide for the
box to remain in equilibrium.
15 A car of mass 1350 kg is at rest on a rough slope at an angle of 7° to the horizontal. A man tries to push it

down the slope, exerting a force of 500 N, but cannot get it to move.

a Find the angle that the total contact force makes with the slope.
b When the man stops pushing, the car remains in equilibrium. Find the angle that the total contact force
makes with the slope.

0

16 A ring of mass 2 kg is held in place at rest on a rough horizontal wire. It is attached to a string that is at an

angle of 40° above the horizontal.

a Explain why once the ring is released it can never be in equilibrium, however high the coefficient of
friction , when the tension in the string satisfies T sin 40 = 2g.
b Show that when the tension is 100 N the coefficient of friction must be at least I. 73 for the ring to be in

equilibrium, but when the tension increases to 200 N the coefficient of friction can be as low as 1.41 with
the ring remaining in equilibrium. Explain why.
17 A ring of mass 3 kg is at rest on a rough horizontal wire. It is attached to a string that is at an angle of 60°

above the horizontal. The coefficient of friction between the ring and the wire is 0. 7. Find the set of values for
the tension, T , which will allow the ring to remain in equilibrium.

•
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4.2 Limit of friction
We have seen that when an object is in limiting equilibrium or on the point of slipping, friction
takes the maximum value. When an object is moving, friction will remain at the limiting value.

lf the object is moving relative to the surface, friction will take the value F = µR.
When an object is moving or about to start moving, mark the friction as µR on the force diagram.

When an object moves at constant speed it is in equilibrium. However, when an object on
a surface is accelerating, it will accelerate parallel to the surface. On horizontal ground
the acceleration will be horizontal. On a slope, the acceleration will be along the line of
greatest slope.
If we resolve parallel to the surface to find acceleration, we will not find a solution because

the size of friction is not known. The size of friction will depend on two factors , µ , which
may be given, and R. We will normally need to resolve perpendicular to the surface where
there is no acceleration to calculate the normal contact force first. This will allow us to
find the value of R and, hence, friction. Then we can resolve parallel to the surface using
Newton's second law to find acceleration.

•

In order to calculate the acceleration in the direction parallel to a rough surface, resolve
perpendicular to the surface first to find the normal contact force and, hence, the frictional force.
Then resolve parallel to the surface and calculate acceleration using F = ma.

EXPLORE4.2

Two students, Basma and Bijal, are discussing the best way to drag a heavy box along
a rough horizontal surface. Here are their arguments.
Bijal

Basma
I would pull horizontally to get all the force I
can exert on the box working in the direction
I want to go.

I would pull at an angle above the horizontal.
This would reduce the contact force and
therefore reduce the friction.

Discuss which argument is more convincing.
Practical experiments may help you answer the question. Test the situation using a
wooden block and spring balance. Increase the horizontal force until it is just less than
the force required to start the block moving. Try to keep the force the same, but change
the angle at which it acts. Does the block start moving if the force is acting at an angle?
In Section 4.1 we considered the situation where a car is held on a slope, but we didn't
know which way friction was acting. You also need to know how to deal with situations
where it is not known if there is motion nor, if there is, in which direction the motion would
be. Start by assuming the situation that seems likely to be correct, but be ready to spot a
contradiction.
Consider the same example where a car is on a rough slope and there is a rope pulling up
the line of greatest slope, but this time we do not know whether the car remains stationary.
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If we assume the car slips down the slope, the friction must be limiting and act up the
slope. However, if we solve the equ ations and get a negative value for acceleration, this
contrad icts th e assumption and su ggests the car does not, in fact , slide down the slope.
If instead we as sume the car is pu lled up the slope, the friction must be limiting and act
down the slope. However, if th is leads to a negative value for acceleration, this again would
contrad ict the assu mption and suggests the car is not, in fact, pulled up the slope.
T hese two resu lts together would lead to t he conclu sion that the car is in equilibrium and
fr iction may not b e limiting.
KEY POINT 4. 7
It may be necessary to make an assumption about the direction of motion when setting up the force
diagram. If the outcome contradicts the assumption, then yo u need to change your initial assum ption.

~ WEB LINK
You may want to
have a go at the
reso urce A .Fictional
story at the Vector
Geometry station on
the Underground
Mathematics website.
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MODELLING ASSUMPTIONS

We have assumed that the limiting value for friction is the same whether the object
is moving or not. In reality, there is a small difference between static friction and
dy namic fric tion. From t he experiment in Explore 4.2 you may have realised that to
start the block moving takes slightly more force than the amount required to keep
it at constant velocity once it is already moving. The difference is slight and for the
purposes of this course we will ignore it and assume they are both the same.
Once the object moves, the exact point on the surface in contact with the object
is always changing, so each part of the contact may have a different value for the
coefficient of fr iction. We will assume that the difference in the values ofµ across a
broadly simila r surface is negligible. If the surface changes significantly, this will be
stated in the question and we wil l use a different value for µ for the different surface.
Awkward shap es may make it difficu lt for a n object to slide smoothly along a surface.
For example, a hook shape m ay lodge itself in the surface. However, in this course we
a re treating obj ects as particles so, whatever the size and shape of the actual object,
the size of friction will not be affected by those factors.

0

DID YOU KNOW?

Frederick the G reat, King of Prussia fro m 1740 until 1786, wanted to build a foun tain 30 m
tall fo r his gardens at Sanssouci. He asked Leonhard Euler (1707- 1783), one of the greatest
mathematicians of the age, to help calculate how to get the water from the river under enough
pressure to create the fountain. Euler did his calculations assuming no friction, but advised the
engineers that he wo uld need to do experiments to see if the calculations were valid.
The engineers did not take his advice and the fountains were built according to theory alone. The
pipes burst and the water never made it to the fountain. Frederick blamed Euler, despite Euler's
warnings.
Euler was the first to create equations modelling friction less fluids, but it took more than a century
to work out how to add friction to the model of fluid dynamics in equations known as the NavierStokes equations. These are still not full y understood and there is a $1million prize for so lving other
aspects of these equation s.

•
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WORKED EXAMPLE 4.4

a A curling player tries to slide a curling stone of mass 20 kg along a horizontal ice rink to stop on top of a
target that is 46 m away from where it was released. The coefficient of friction between the ice and the stone
is 0.05. The player releases the stone with a speed of 6.5 m s- 1• Find how far from the target it stops .
b In a game of curling there are sweepers who sweep the ice to polish it and reduce the coefficient of friction.

Assuming they lower the coefficient equally along the entire path, find the reduced coefficient of friction
required to get the stone to land on the target.
Answer
a

a

direction of
motion
----

,R

µR

~

(

It is useful to add the direction of motion to
the diagram and show the acceleration in that
direction, even though the acceleration will be
negative.

)

' 20gN

R = 20g

•

Resolve vertically first to find R.

= 200N

F=ma
- µR = 20a

Resolve horizontally to find a.

a= - 0.5ms- 2
v2 = u 2 + 2as

02 = 6.52 - 2 x - 0.5s
s = 42.25
D istance from target

Use an equation of motion for constant
acceleration to find the distance.

= 46 - s

Make sure you answer the question.

= 3.75m

b

v2

= u2 + 2as

02 = 6.52

-

2a x 46

Use an equation of motion for constant
acceleration to find the acceleration.

a = - 0.459 m s-2

As before,
R = 20g
= 200
and
-µR = 20a
µ = 0.0459

Solve the equations to find µ.
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WORKED EXAMPLE 4.5

A woman drags a box of mass 20 kg up a rough slope. The slope is at an angle of 10° to the horizontal and the
coefficient of friction between the box and the slope is 0.45. The woman pulls the box using a rope held at an angle
of 20° above the slope, with a tension of 120 N. Find whether the force is large enough to create motion and, if it is,
find the acceleration.
Answer

L
µR

-- 20°----

Draw a force diagram, making the 20° angle
with a dotted line parallel to the slope.
This diagram assumes that there will be
motion up the slope, so friction will be limiting
down the slope.

o

20gN

R+ 120 sin 20 == 20g cos 10

Resolve perpendicular first to find R.

R == 156N

F = ma

Resolve parallel to the slope to find a.

120 cos 20 - 20g sin 10 - µR == 20a
a == 0.393 m s- 2

This is positive, so consistent with the
assumption that there is motion up the slope .

•
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A box of mass 14kg is on horizontal ground. It is dragged by a horizontal force of21 N. The surface is rough
and the coefficient of friction between the surface and the box is 0.1.
a Resolve vertically to find the size of the normal contact force.
b Find the size of the frictional force.

c

Find the acceleration of the box.

2 A skip of mass 3000 kg is held at rest by a winch on a slope at an angle of 15° to the horizontal. The slope is
rough and the coefficient of friction between the slope and the skip is 0.25. When the winch is removed the
skip starts to slide down the slope.
a

Resolve perpendicular to the slope to find the size of the normal contact force.

b Find the size of the frictional force.

c

Find the acceleration of the skip.

3 A boy is dragging a box of mass 20 kg up a rough slope at an angle of 12° to the horizontal. The coefficient of
friction is 0.28 . He provides a force of 100 N parallel to the slope. Find the acceleration of the box.
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4 A gardener is pulling a wheelbarrow of mass 8 kg from rest along rough horizontal
ground. The coefficient of friction between the wheelbarrow and the ground is 0.6.
The gardener provides a force of 50 N at an angle of 30° above the horizontal, as
shown in the diagram.
a

SON
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Find the acceleration of the wheelbarrow.

b What happens when the wheelbarrow has 20 kg of soil in it and the gardener exerts the same force at the

same angle?
5 A ski-plane has skis to land and take-off on snow. It has a mass of 3000 kg and has a propeller providing a
force of 20 OOO N horizontally. It accelerates from rest on horizontal ground at 2.2 m s- 2 . Find the coefficient
of friction between the ground and the ski-plane.
6 A bin of mass 16 kg is held on a downhill slope at an angle of 20°. When the bin is released, it slides down the
slope with acceleration 1.2 m s- 2 . Find the coefficient of friction between the bin and the ground.
7 A ring of mass 2 kg is on a fixed rough horizontal wire with coefficient of friction 0.4. It is pulled by a rope
with tension 15 N at an angle of 5° above the horizontal. Find the acceleration of the ring.
8 A ring of mass 3 kg is on a fixed rough horizontal wire. It is pulled by a rope with tension 20 N at an angle of
10° above the horizontal and accelerates at 2 m s-2 . Find the coefficient of friction between the ring and the
wire.

•

9 A ski-plane of mass 5000 kg accelerates from rest along a rough horizontal runway of length 600 m. It needs
to reach a speed of 25 m s- 1 by the end of the runway to take off. The propeller provides a horizontal force of
16 OOO N. Find the maximum coefficient of friction to allow the ski plane to take off.
10 A downhill skier of mass 80 kg is accelerating down a rough slope of length 400 m at 22° to the horizontal.

There is air resistance of 50 N and the coefficient of friction between the snow and the skis is 0.3. The skier is
moving at 20 m s- 1 at the top of the slope. Find the speed of the skier at the bottom of the slope.
11 A bag of sand of mass 200 kg is being winched up a slope of length 10 m, which is at an angle of 6° to the

horizontal. The slope is rough and the coefficient of friction is 0.4. The winch provides a force of lOOON
parallel to the slope. At the bottom of the slope the bag is moving at 2 m s- 1. Find the distance it has moved
when its speed has reduced to 1.5 m s- 1.
12 A man wants to drag a block of wood of mass 50 kg along horizontal rough ground, where the coefficient

of friction is 0.45. If he pushes it he can generate a force of 250 N horizontally. Alternatively, he can pull
via a string with a force of only 230 N at an angle of 25° above the horizontal. Which would give the larger
acceleration?
13 Two men are pushing a palette of bricks of mass 120 kg along rough horizontal ground. The first man pushes

horizontally with a force of 150N. The second man pulls via a rope at an angle of20° above the horizontal
with a force of 140N. They maintain a constant velocity.
a

Find the coefficient of friction between the palette and the ground.

b The second man no longer pulls the rope. By first finding the new normal contact force, find the
deceleration of the palette.
14 A snooker ball of mass 0.4kg is struck towards a cushion from O.Sm away with speed 3ms- 1. The surface

of the snooker table has a coefficient of friction of 0.3. When the ball bounces from the cushion its speed is
reduced by 20%. Find how far from the cushion it stops.
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15 A wooden block of mass 10 kg is on rough horizontal ground with coefficient of friction 0.6. It is dragged by a
force of 80 N acting at 15° to the horizontal.
a

Find the acceleration if the force is above the horizontal.

b Find the acceleration if the force is below the horizontal.

$

16 A box of mass 50 kg is slowing down from 10 m s- 1 on rough horizontal ground. The coefficient of friction
between the box and the ground is 0.3. To start with, the box is being slowed by a string providing a tension
of 25 N horizontally. Then the string breaks and the box comes to a halt under friction alone after a total
distance of 14.5 m.
a

Find how far the box travelled before the string broke.

b What assumptions have been made to answer the question?

4.3 Change of direction of friction in different stages of motion
A shopper is pushing a shopping trolley, but rather than just pushing it, the shopper gives it
a shove, lets go and walks after it. After a few metres, the trolley stops because of friction.
When the shopper does the same thing up a slope, friction also causes the trolley to stop,
but once the trolley has stopped, friction then acts in the opposite direction to prevent the
trolley falling back down the slope.
When the shopper does the same thing up a steeper slope, the trolley may start moving
back towards the shopper. In this situation, friction will be limiting to start with and act
down the slope to stop the trolley moving up the slope. Once the trolley comes to rest,
friction will act up the slope to try to prevent the trolley moving back down the slope. If
the force due to gravity is large enough, the trolley will start moving back down the slope
and friction will again become limiting, but will now act up the slope.

KEY POINT 4.8

When the motion of an object can be split into different stages, you need to draw a different force
diagram for each stage and deal with the stages separately. The direction of the frictional force will
be different if the object changes direction.

EXPLORE4.3

Two students, Nina and Jon, are discussing the problem of a ball rolling up a slope
and then back down the slope.
Nina says she can save a lot of time in working out how long it takes to return to
the starting point, by working out how long it takes to reach the highest point and
doubling it. She says the speed when it reaches the starting point on the way down
will be the same as when it started on the way up.
Jon says that's not true . The uphill stage and downhill stage have to be worked out
separately. He says that the downhill bit will take longer and the speed will be lower
because friction has slowed down the ball.

•

I
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Nina says that's nonsense. Of course friction will slow it down more quickly when
going uphill, but that just means it stops after a smaller distance and a smaller time
than without friction. It will still return to the starting point after twice the time it
took to reach the highest point.
Who is correct?

MODELLING ASSUMPTIONS

When an object is placed on a slope, it may topple over rather than slide down the
slope. However, for this course, we are considering all objects as particles, so they
have no shape and cannot fall over.
When a ball is placed on a slope, the centre of the ball is always above a point lower
on the slope than the point where the ball touches the slope. Therefore, the ball will
always roll down the slope, regardless of how much friction there is. Rolling is also
different from sliding. However, because we are considering all objects as particles,
objects like balls or cylinders, which may roll, are treated as particles that are sliding
and we will ignore any differences this might give.

WORKED EXAMPLE 4.6

•

a A box of mass 10 kg is pushed from rest along rough horizontal ground by a
horizontal force of size 50 N for 3 s. The coefficient of friction is 0.45 . Find the
speed when it stops being pushed.
b The box then slows down because of the friction. Find the total distance the

box has moved.
Answer
R

a

Draw the force diagram with friction limiting
because we know the box will move.

µR ----t-+--+---. 50 N

lOg N

R = lOg
= lOON

Resolve vertically first to find R .

F = ma

50 - µR = lOa

Resolve horizontally, taking the direction of
motion as positive, to find a.

a = 0.5m s-2
v = u +at
= 0 + 0.5 x 3

Use an equation of constant acceleration to
find the velocity.

= 1.5 m s- 1
b

1

s = ut + - at 2
2 1
So s 1 = 0 x 3 + - x 0.5 x 32
2
= 2.25

Use an equation of constant acceleration to
find the displacement for the first stage.
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REWIND
~R

Draw a new force diagram for the second
stage of the motion because the situation has
changed.

w !OgN

= lOg = lOON

R

Resolve vertically to find the new value for R,
which in this case is the same as the old value.

-µR = lOa

Resolve horizontally, taking the direction of
motion as positive, to find the value for a for
the second stage.

a= -4.5ms-2

v

2

Look back to
Chapter 1, Section 1.3,
if you need a reminder
of the equations of
constant acceleration.

= u 2 + 2as

2

So 0 = 1.5 2 + 2 x -4.5s2

Use an equation of constant acceleration to
find the displacement for the second stage.

= 0.25

S2

= s 1 + s2
= 2.25 + 0.25
= 2.5m

Hence s

Find the total distance for the two stages of the
motion.

WORKED EXAMPLE 4.7

a

A ball of mass 3 kg rolls up a slope with initial speed 10 m s- 1• The slope is at an angle of 20° to the
horizontal and the coefficient of friction is 0.3. By modelling the ball as a particle, find the distance up the
slope when the ball comes to rest.

b Show that after coming to rest the ball starts to roll down the slope.

c Find the speed of the ball when it returns to its starting point.
Answer
R

a

~

~
µR

Draw the force diagram with friction acting
down the slope against the direction of motion.

----

3gN

= 3g cos 20
= 28.2N

R

Resolve perpendicular first to find R.
F=ma

- µR - 3g sin 20 = 3a

Resolve parallel, assigning up the slope as
positive, to find a.

a = - 6.24 m s- 2
v2
0

= u 2 + 2as

2

= 10

s

= 8.0lm

2

-

2 x 6.24 x s

Use an equation of constant acceleration to
find the distance.

•
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b

R

~
~

Draw a new force diagram because the
situation has changed and friction now acts up
the slope to prevent motion down the slope.

R = 3g cos 20

Resolve perpendicular to find the new value
for R, which in this case is the same as the old
value.

3gN

= 28.2N

3g sin 20 - µR = 3a
a= 0.60 1m s- 2

Resolve parallel, assigning down the slope as
positive, to find a.

This is positive, so the ball will roll back down the slope.

The acceleration down the slope should
come out as positive to be consistent with the
assumption that there is motion down the
slope.

Alternatively, suppose the ball is in equilibrium.
T hen, F = 3g sin 20

This could also be done by calling the friction
F and finding the size of F required to prevent
motion and showing F > µR .

=

But µR
c

Friction is limiting because we are assuming
there will be motion down the slope.

2

10.3

= 8.46 <

F , which is not possible.

2

v = u + 2as
= 0

2

+ 2 x 0.601 x 8.01

Use an equation of constant acceleration to
find the speed.

v = 3. l Oms- 1

1ii4iHll
1

At the end of a downhill run, a skier of mass 80 kg slides up a rough slope at an angle of 10° to the horizontal,
to slow down. He arrives at the upward slope with an initial speed of 12 m s- 1. The coefficient of friction
between the skier and the slope is 0.4. Find how far up the slope he comes to rest, and show that he remains at
rest there without falling back down the slope.

2

A ball of mass 3 kg rolls with initial speed 8 m s- 1 up a rough slope at an angle of 15° to the horizontal. The
coefficient of friction between the ball and the slope is 0.6.
a

By modelling the ball as a particle, find how long it takes for the ball to come to rest and show that the ball
remains at rest there.

b Why is this model different from reality?

3

A book of mass 3 kg is at rest on a rough slope at an angle of 15° to the horizontal. It takes a force of 20 N
parallel to the slope to break equilibrium and drag it up the slope.
a

Find the coefficient of friction between the slope and the book.

b Find the acceleration of the book down the slope if the 20 N force is applied down the slope.

4

A box of mass 12 kg is at rest on a rough slope at an angle of 18° to the horizontal. The coefficient of friction
between the slope and the box is 0.4.
a

Find the force it takes parallel to the upwards slope to break equilibrium and drag the box up the slope.

b If the force were applied down the slope and parallel to it, find the acceleration.

.
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5 A car of mass 1250 kg is at rest on a rough slope at an angle of 35° to the horizontal. It takes a force of
13 OOO N to move it up the slope. Show that without any force the car would slide down the slope, and find the
minimum force to prevent it moving down.
6 A bin of mass 10 kg is at rest on a rough slope at an angle of 32° to the horizontal. It is held on the point of
moving up the slope by a force of 90 N parallel to the slope. Show that when the force is removed the bin
would slide down the slope, and find its acceleration.
7 A trolley of mass 5 kg is rolling up a rough slope, which is at an angle of 25° to the horizontal. The coefficient
of friction between the trolley and the slope is 0.4. It passes a point A with speed 12 m s- 1. Find its speed when
it passes A on its way back down the slope.
8 A ball of mass 1.5 kg is sliding up a slope, which is at 30° to the horizontal. The coefficient of friction between
the ball and the slope is 0.45. It passes a point A at 10 m s- 1• By modelling the ball as a particle, find the time
taken to return to A.

G)

9 A pinball game involves hitting a ball up a slope whenever it reaches the bottom of the slope. The pinball has
mass 0.2 kg and rolls down a rough slope of length 1.2 mat angle 12° to the horizontal and with coefficient of
friction 0.1. The ball starts at the top of the slope at rest. When it reaches the bottom of the slope it is hit back
up and its speed is increased by 50%.
a

Find the maximum height up the slope the pinball reaches after it has been hit back up the slope.

b What assumptions have been made to answer the question?
10 A wooden block of mass 3.5 kg is sliding up a rough slope and passes a point A with speed 20 m s- 1. The slope
is at 29° to the horizontal. The block comes to rest 25 m up the slope. Find its speed as it passes point A on the
way down.
11 A boy drags a sledge of mass 4 kg from rest down a rough slope at an angle of 18° to the horizontal. He pulls
it with a force of 8 N for 3 s by a rope that is angled at 10° above the parallel down the slope. After 3 s the rope
becomes detached from the sledge. The coefficient of friction between the slope and the sledge is 0.4 . Find the
total distance the sledge has moved down the slope from when the boy started dragging it until it comes to
rest.
12 A particle slides up a slope at angle 34° to the horizontal with coefficient of friction 0.4. It passes a point Pon
the way up the slope with speed 3 m s- 1 and passes it on the way down the slope with speed 2 m s- 1. Find the
coefficient of friction between the particle and the slope.

0

13 A particle slides up a slope at angle e to the horizontal with coefficient of friction µ. It passes a point A
on the way up the slope at speed um s- 1 and passes it on the way down the slope with speed v m s- 1• Prove that:
v2 = u2 (

sin e - µ cos e )
sine+µ cos e

so vis independent of the mass of the particle and the value of g. Deduce also that the speed on the way down
is always smaller than the speed on the way up.
14 A toy car of mass 80 g rolls from rest 80 cm down a rough slope at an angle of 16° to the horizontal. When it
hits a rubber barrier at the bottom of the slope it bounces back up the slope with its speed halved, and reaches
a height of 10 cm. Find the coefficient of friction between the car and the slope.

•
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4.4 Angle of friction
The concept of the angle of friction is not required by the syllabus. However, an
understanding of the angle of friction can make some problems on the syllabus easier to
solve and can help give alternative methods to solve problems on topics beyond the syllabus.
If a box is being pulled horizontally by a rope with tension T and is on the point of
slipping, the force diagram would look like the first diagram. This diagram has four
forces , but we can draw a simpler diagram with only three forces if we combine the normal
contact force and friction into a single contact force , C, as shown in the second diagram.

c

R

µR

_..-+-t-t---• T
mg

mg

µR

The angle of friction ;\, is the angle between the normal contact force and the
total contact force when friction is limiting.
By drawing the components of the total contact force in a right-angled
triangle it can be seen that tan;\,=

•

R

µ: µ.
=

The angle of friction is related to the coefficient of friction by A,= tan- 1µ .

By considering the total contact force as a single force rather than two forces (the normal
contact force and friction), problems like the previous one with four forces can be reduced
to problems with three forces . This means that you can use methods involving the triangle
of forces or Lami's theorem.
In the simplest case of an object on a slope in limiting equilibrium under gravity, a problem
with three forces becomes a problem with two forces .

c

R

mg

mg

It is now easy to determine the total contact force. The contact force and the weight must
be equal in magnitude and act in opposite directions, so the contact force will be vertical.

The angle between the normal contact force and the total contact force is the angle
between the normal contact force and the vertical. This is also equal to the angle between
the slope and the horizontal. If the object is in limiting equilibrium, then tan ;\, = µ and we
have the coefficient of friction.

REWIND

Look back to
Chapter 3, Section 3.3,
if you need a reminder
of the triangle of
forces and Lami's
theorem.
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KEY POINT 4.10

The angle of friction is the steepest slope on which an object can remain at rest without slipping
under gravity.

EXPLORE4.4

The coefficient of friction can be found by experiment using the angle of friction.
Two people will be required to find it safely.
To find the coefficient of friction between an object and a table, place the object on
the table. Then gradually lift one side of the table so the surface is at an angle to the
horizontal. At the point where the object starts to slip down the table, remove the
object from the table and measure the angle between the table and the horizontal.
Use the equation tan A =µ to find the coefficient of friction.

WORKED EXAMPLE 4.8

A man tries to drag a suitcase of mass 18 kg along a rough horizontal surface. He drags it with a rope at an angle
of 20° above the horizontal. The coefficient of friction between the ground and the suitcase is 0.4. The suitcase is
in limiting equilibrium. Find the tension in the rope.
Answer

c
'

ra"~T
_2.Q"._ - -

Mark the contact force as a single force so the
problem now has only three forces.

I

I

There is limiting equilibrium, so the angle
between C and the normal is tan- 1 µ.

18gN

T

sin(180-tan- 1µ)

=

l8g
sin(70 + tan- 1µ)

We can now apply Lami's theorem.

T = 66.9N

WORKED EXAMPLE 4.9

a A 2 kg brick is at rest on a plank. The plank is lifted at one end to make an angle of 20° with the
horizontal and the brick remains stationary on the plank. Find the total contact force between the brick
and the plank.
b The plank is lifted further to an angle of 25° and the brick is on the point of slipping down the slope. Find

the coefficient of friction between the plank and the brick.

c The plank is lifted further to an angle of 35° and the brick is held in place by a force at an angle of 15° above
the angle of the upwards slope. Find the size of the force .

•
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Answer

c

a

The only two forces are the total contact force
and the weight, so they must cancel each other
out by being equal in magnitude but opposite
in direction.

2gN

c = 2g

Resolving vertically gives C immediately.

= 20N

c

b

As before, the total contact force must be
vertically upwards, so the angle between the
normal and the total contact force is 25°.

2g N

Because the brick is now in limiting
equilibrium, the coefficient of friction is found
from the tan of the angle between the contact
force and the perpendicular.

µ=tan 25
= 0.466

•

c

c

Using the total contact force, the force diagram
now has only three forces in it and the triangle
of forces can be used.
Since there is limiting friction, the angle of
friction between C and the perpendicular to
the slope will be the same as in the previous
part, which was also limiting.

2g N

,,

,
,,

,

,
,,

,

140°

T

~

sin 10 sin 130
T = 2g sin 10
sin 130
= 4.53N

Angles in the triangle can often be found more
easily by extending the sides if required or by
comparing with vertical or horizontal lines on
the original diagram.

Use the sine rule to find T .
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1

A boy is trying to drag a box along a rough horizontal surface by pulling horizontally. The box has mass
12 kg . The coefficient of friction between the box and the surface is 0.4 . The box is on the point of slipping.
Find the size of the force exerted by the boy.

2

A girl tries to drag the box of mass 12 kg along the rough horizontal surface with coefficient of friction 0.4.
She exerts a force at an angle of 10° above the horizontal and the box is on the point of slipping. Find the size
of the force exerted by the girl.

3 A builder tries dragging a sack of sand of mass 25 kg along a rough horizontal surface with coefficient of
friction 0.5. He pulls at 12° above the horizontal and the sack is on the point of slipping. Find the size of the
total contact force.
4

A bench has mass 17 kg and is at rest on horizontal ground . A woman tries to move it by pulling it with a force
of 80 N at 15° above the horizontal and the bench is on the point of slipping.
a

Find the angle of friction.

b

Hence, find the coefficient of friction between the bench and the ground.

e

5

A trailer has mass 120 kg. A winch pulls the trailer with a force of 500 N at an angle above the horizontal.
The trailer is in limiting equilibrium on horizontal ground with coefficient of friction 0.45. Find e.

6

A metal block of mass 20 kg is on a rough slope at an angle of 12° to the horizontal. The coefficient of friction
between the book and the slope is 0.4. A boy is trying to move the block up the slope by pushing parallel to
the slope. He increases the force until equilibrium breaks. Find the maximum size of the force the boy pushes
with before the block slips.

7

A girl drags a sledge up a rough slope, which has an angle ofl0° to the horizontal. The sledge has mass 8 kg and
the coefficient of friction between the slope and the sledge is 0.3. She pulls the sledge with a rope at an angle of12°
to the slope and increases the tension until equilibrium is broken. Find the tension in the rope when this happens.

•

8 A car is towed down a rough slope, which is at an angle of 5° to the horizontal. The coefficient of friction
between the car and the slope is 0.35. The car is towed using a rope at an angle of 13° to the slope. Equilibrium
is broken when the tension in the rope is 4000 N. Find the mass of the car.

~

9

A box of mass 12kg is at rest on a rough horizontal surface with coefficient of friction 0.6. A force is exerted
on it at an angle above the horizontal so that the force required to break equilibrium is minimised. Show
that is the angle of friction and find the size of the force required to break equilibrium.

e

e

10 A box has mass 40 kg and is on a rough slope with coefficient of friction 0.3. It is pulled up the slope by a
force of 300 N at 10° above the slope and is in limiting equilibrium. Find the angle that the slope makes with
the horizontal.

0

11 A ring of mass m kg is at rest on a fixed rough horizontal wire with coefficient of frictionµ . It is attached to a
string that is at an angle of a above the horizontal. Show that when T <

111

~ sm a and
cos a - e)

e=

tan- 1 µ the ring

will be in equilibrium.
Show further that if a + e ~ 90° and T > mg sm a

cos(a-e)

T

>

e

the ring will always move, but if a + e > 90° and

mg sin
the ring will remain in equilibrium.
sin( a+ e - 90)

I.
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12 A particle of weight W is at rest on a rough slope, which makes an angle of a to the horizontal. The coefficient
of friction between the particle and the slope isµ. Assuming ()+a < 90°, where () = tan- 1 µ,show that the
minimum force F required to break equilibrium and make the particle slide up the slope is F = W sin(()+ a)
and that F makes an angle () to the slope above the particle.
Show further that in the case where a < 8, the minimum force F required to break equilibrium and make the
particle slide down the slope is F = W sin(() - a) and that F makes an angle() to the slope below the particle.

•

Friction can take any value up to the limiting value, which depends on the normal contact force,
R, and the coefficient of friction, µ .

e F :s:: µR
•

If there is motion, or the object is on the point of slipping or in limiting equilibrium, friction
will take the maximum possible value.

•

The total contact force is the combination of the normal contact force and the friction.

•

If a situation becomes different because a force changes or the direction of motion switches,
the normal contact force may be affected, so the friction may change. It is best to draw a new
diagram every time a different situation arises.

~~,;;··?~~{~

,::: ·'.· ..
1
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1

A horizontal force, T, acts on a particle of mass 12kg, which is on a rough horizontal plane. Given that the
particle is on the point of slipping and that the coefficient of friction is 0.35, find the size of T.

2

A particle of mass 15 kg is on a slope at an angle 25° to the horizontal. The coefficient of friction between the
particle and the slope is 0.3. A force, P, acts up the slope along the line of greatest slope. Find the set of values
for P for the particle to be in equilibrium.

3

A bowler rolls a ten-pin bowling ball of mass 4 kg along a horizontal lane. The ball is released with a speed of
9ms- 1 • The coefficient of friction between the ball and the lane is 0.04. The first pin is 18.5m away. Find the
speed at which the ball hits the pin.

4

A brick of mass 4.3 kg is being pushed up a slope by a force of 40 N parallel to the slope. The slope is at 13° to
the horizontal and the coefficient of friction between the brick and the slope is 0.55. Find the acceleration of
the brick.

5

A boat of mass 5 tonnes is being launched from rest into the sea by sliding it down a ramp. The ramp is at 5° to
the horizontal and is lubricated so the coefficient of friction is only 0.08. The ramp is 40 m long before the boat
enters the sea. Find the speed with which the boat enters the sea.

6

A bag of mass 49 kg is on rough horizontal ground with coefficient of friction 0.3. A force T acts ate above the
8
horizontal, where sin e = i and the bag is in limiting equilibrium. Show that R = T, where R is the normal
5
3
contact force, and find another equation relating Rand T. Hence, find Rand T.

7

A book of mass 1.3 kg is on a plank of wood, which is held at an angle of 16° to the horizontal. The coefficient
of friction between the book and the plank is 0.45.
a

Show that the book remains at rest and find the size of the frictional force.

b

The book is held stationary while the plank is raised to make an angle of 27° with the horizontal. Show
that when the book is released it accelerates down the slope, and find the size of the acceleration.

8

Two boys are arguing over who gets to play with a toy. The toy has mass 3 kg and is at rest on rough horizontal
ground with a coefficient of friction of 0.3. The older boy pulls with a force of 26 N at an angle of 39° above
the horizontal. The younger boy pulls in the opposite direction with a force of 24 N at an angle of 9° above the
horizontal. Determine whether the toy moves. If it accelerates, find the size of the acceleration and direction. If
not, find the size of the friction.

9

A mass of 6kg is on a slope at an angle of 14° to the horizontal. The coefficient of friction between the slope
and the mass is 0.4. There is a force of 5 N acting down the slope and parallel to it.
a

Show that the force is not great enough to overcome friction, and find the magnitude of the total contact
force between the mass and the slope.

b

When the force of 5 N is removed, find the total contact force and the angle it makes with the slope.

•

10 A box of mass 9 kg rests on a slope, which is at an angle of 34° to the horizontal. It is held in place by a

horizontal force of 20 N.
a

By considering the total contact force as a single force , or otherwise, find the size of the total contact force .

b

Given that friction is limiting, find the coefficient of friction between the box and the slope.

!

I·

11 A particle of mass 6 kg is on a slope at an angle of 20° to the horizontal. The coefficient of friction between the particle
and the slope is 0.1. The particle is 5 m from the bottom of the slope. It is projected up the slope with speed 4m s- 1.
a

Find the distance travelled up the slope from the starting point until the particle comes to rest.

b

Find the time until the particle reaches the bottom of the slope.

f

I
I
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12 A particle of mass 8 kg is at rest on a slope at angle 15° to the horizontal. The

coefficient of friction between the particle and the slope is 0.05 . The particle is pulled
up the slope by a rope with tension 30 N at an angle of 20° above the line of the slope.

a

Find the acceleration of the particle.

After travelling 10 m the string is cut and there is no tension.
b

Find the speed of the particle when the string is cut.

The particle slows down until coming to rest.

0

c

Find how far the particle has travelled in total when it reaches its highest point on the slope.

d

Find the total time until it reaches that point.

13 A particle of mass m is on rough, horizontal ground with coefficient of friction µ 1. It is initially moving at speed
um s- 1• After a distance xm the surface changes to another surface with coefficient of friction

µ 2 . The particle

2

2
comes to rest, having travelled a distance of y m on this surface. Show that µ 2 = u - µ,gx_
2gy

0

14 A mass of m is at rest on a plank of wood on level ground with coefficient of friction µ 1 • One end of the plank

is lifted until the mass starts to slip. The angle at which this happens is a .

a

•

Show that µ 1 =tan a .

The angle of the plank is then raised to an angle f3 and the mass is held in place. The mass is then released and
travels a distance x down the slope. At the end of the slope the particle slides along the level ground, slowing
down under friction where the coefficient of friction is µ 2 , until coming to rest at a distance y from the bottom
of the slope. You may assume the mass starts sliding along the floor at the same speed as it has when it reaches
the end of the slope.
x(sin f3 - tan a cos {3)
.
b Sh ow t h at µ 2 =
y

@

15 A particle moves up a line of greatest slope of a rough plane inclined at an angle

sin a = 0.28. The coefficient of friction between the particle and the plane is

ii

a to the horizontal, where

~

Show that the acceleration of the particle is -6 m s- 2 .

[3)

Given that the particle's initial speed is 5.4 m s- 1, find the distance that the particle
travels up the plane.

[2)
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16

7.2N

Fig. 1

Fig. 2

A block of weight 7.5 N is at rest on a plane which is inclined to the horizontal at angle a, where tan a= l_,
24
The coefficient of friction between the block and the plane is µ. A force of magnitude 7.2 N acting parallel to a
line of greatest slope is applied to the block. When the force acts up the plane (see Fig. I) the block remains at
rest.
Show that µ

~

17

.
(4]
24
When the force acts down the plane (see Fig. 2) the block slides downwards.
31
(2]
ii Show thatµ<
.
24
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The diagram shows a particle of mass 0.6 kg on a plane inclined at 25° to the horizontal. The particle is acted
on by a force of magnitude P N directed up the plane parallel to a line of greatest slope. The coefficient of
friction between the particle and the plane is 0.36. Given that the particle is in equilibrium, find the set of
possible values of P.
(91
Cambridge International AS & A Level Mathematics 9709 Paper 43 Q6 November 2012

•

