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Chapter 1
Velocity and acceleration
In this chapter you will learn how to:

■
■
■
■

work with scalar and vector quantities for distance and speed
use equations of constant acceleration
sketch and read displacement–time graphs and velocity–time graphs
solve problems with multiple stages of motion.
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PREREQUISITE KNOWLEDGE
Where it comes from

What you should be able to do

Check your skills

IGCSE / O Level
level
Mathematics

Solve quadratics by factorising or using
the quadratic formula.

1 Solve the following equations.
a x 2 – 2 x – 15 = 0
b 2x2 + x – 3 = 0
c 3x 2 – 5x – 7 = 0

IGCSE / O Level
level
Mathematics

Solve linear simultaneous equations.

2 Solve the following pairs of
simultaneous equations.
a 2 x + 3 y = 8 and 5x – 2 y = 1
b 3x + 2 y = 9 and y = 4x – 1

What is Mechanics about?
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How far should the driver of a car stay behind another car to be able to stop safely in an
emergency? How long should the fuse on a firework be so the firework goes off at the
highest point? How quickly should you roll a ball so it stops as near as possible to a target?
How strong does a building have to be to survive a hurricane? Mechanics is the study of
questions such as these. By modelling situations mathematically and making suitable
assumptions you can find answers to these questions.
In this chapter, you will study the motion of objects and learn how to work out where an
object is and how it is moving at different times. This area of Mechanics is known as
‘dynamics’. Solving problems with objects that do not move is called ‘statics’; you will study
this later in the course.

1.1 Displacement and velocity
An old English nursery rhyme goes like this:
The Grand Old Duke of York,
He had ten thousand men,
He marched them up to the top of the hill,
And he marched them down again.
His men had clearly marched some distance, but they ended up exactly where they started,
so you cannot work out how far they travelled simply by measuring how far their finishing
point is from their starting point.
You can use two different measures when thinking about how far something has travelled.
These are distance and displacement.
Distance is a scalar quantity and is used to measure the total length of path travelled. In
the rhyme, if the distance covered up the hill were 100 m, the total distance in marching up
the hill and then down again would be 100 m + 100 m = 200 m.

Chapter 1: Velocity and acceleration

Displacement is a vector quantity and gives the location of an object relative to a fixed
reference point or origin. In this course, you will be considering dynamics problems in only
one dimension. To define the displacement you need to define one direction as positive. In
the rhyme, if you take the origin to be the bottom of the hill and the positive direction to
be up the hill, then the displacement at the end is 0 m, since the men are in the same
location as they started. You can also reach this answer through a calculation. If you
assume that they are marching in a straight line then marching up the hill is an increase in
displacement and marching down the hill is a decrease in displacement, so the total
displacement is ( +100 m) + ( −100 m) = 0 m.
Since you will be working in only one dimension, you will often refer to the displacement
as just a number, with positive meaning a displacement in one direction from the origin
and negative meaning a displacement in the other direction. Sometimes the direction and
origin will be stated in the problem. In other cases, you will need to choose these yourself.
In many cases the origin will simply be the starting position of an object and the positive

TIP
A scalar quantity, such
as distance, has only a
magnitude. A vector
quantity, such as
displacement, has
magnitude and
direction. When you
are asked for a vector
quantity such as
displacement or
velocity, make sure you
state the direction as
well as the magnitude.

direction will be the direction the object is initially moving in.
WEB LINK

KEY POINT 1.1
Displacement is a measure of location from a fixed origin or starting point. It is a vector and so has
both magnitude and direction. If you take displacement in a given direction to be positive, then
displacement in the opposite direction is negative.

You also have two ways to measure how quickly an object is moving: speed and velocity.
Speed is a scalar quantity, so has only a magnitude. Velocity is a vector quantity, so has
both magnitude and direction.
For an object moving at constant speed, if you know the distance travelled in a given time
you can work out the speed of the object.
KEY POINT 1.2
For an object moving at constant speed:
speed =

distance covered
time taken

This is valid only for objects moving at constant speed. For objects moving at nonconstant speed you can consider the average speed.
KEY POINT 1.3
average speed =

total distance covered
total time taken

Velocity measures how quickly the displacement of an object changes. You can write an
equation similar to the one for speed.

Try the Discussing
distance resource at the
Introducing calculus
station on the
Underground
Mathematics website
(www.underground
mathematics.org).
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KEY POINT 1.4
For an object moving at constant velocity:
velocity =

change in displacement
time taken

Let’s see what this means in practice.
Suppose a man is doing a fitness test. In each stage of the test he runs backwards and forwards
along the length of a small football pitch. He starts at the centre spot, runs to one end of the
pitch, changes direction and runs to the other end, changes direction and runs back to the
centre spot, as shown in the diagrams. He runs at 4 m s −1 and the pitch is 40 m long.
To define displacement and velocity you will need to define the origin and the direction you
will call positive. Let’s call the centre spot the origin and to the right as positive.
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In the first diagram, he has travelled a distance of
10 m. Because he is 10 m in the positive direction, his
displacement is 10 m. His speed is 4 m s −1. Because he
is moving in the positive direction, his velocity is
also 4 m s −1.

positive

In the second diagram, he has travelled a total
distance of 30 m, but he is only 10 m from the centre
spot, so his displacement is 10 m. His speed is still
4 m s −1 but he is moving in the negative direction so
his velocity is −4 m s −1.

40 m

10 m

In the third diagram, he has travelled a total distance
of 50 m, but he is now 10 m from the centre spot in the
negative direction, so his displacement is −10 m. His
speed is still 4 m s −1 and he is still moving in the
negative direction so his velocity is still −4 m s −1.
In the fourth diagram, he has travelled a total distance
of 70 m, but his displacement is still −10 m. His speed
is still 4 m s −1 and he is moving in the positive direction
again so his velocity is also 4 m s −1.

10 m

10 m

The magnitude of the velocity of an object is its
speed. Speed can never be negative. For example,
an object moving with a velocity of +10 m s −1 and an
10 m
object moving with a velocity of −10 m s −1 both have a speed of 10 m s −1.
As with speed, for objects moving at non-constant velocity you can consider the average velocity.
KEY POINT 1.5

TIP
We use vertical lines to
indicate magnitude of
a vector.
So, speed = velocity

net change in displacement
average velocity =
total time taken
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In the previous example, the man’s average speed is 4 m s −1 but his average velocity is 0 m s −1.
We can rearrange the equation for velocity to deduce that for an object moving at constant
velocity v for time t, the change in displacement s (in the same direction as the velocity) is
given by:
s = vt
The standard units used for distance and displacement are metres (m) and for time are
seconds (s). Therefore, the units for speed and velocity are metres per second (usually
written in mathematics and science as m s −1, though you may also come across the notation
m/s). These units are those specified by the Système Internationale (SI), which defines the
system of units used by scientists all over the world. Other commonly used units for speed
include kilometres per hour (km/h) and miles per hour (mph).
WORKED EXAMPLE 1.1

Answer
15 minutes = 900 s

Convert to units required for the answer which
are SI units.

s = vt
so 9000 = 900v

Substitute into the equation for displacement
and solve.

v = 10 m s −1

WORKED EXAMPLE 1.2
A cyclist travels at 5 m s −1 for 30 s then turns back, travelling at 3 m s −1 for 10 s. Find
her displacement in the original direction of motion from her starting position.
Answer
s = vt
So s1 = 5 × 30
= 150
and s2 = −3 × 10
= −30
So the total displacement is
s = 150 + ( −30)
= 120 m

Try the Speed vs
velocity resource at the
Introducing calculus
station on the
Underground
Mathematics website.

TIP

A car travels 9 km in 15 minutes at constant speed. Find its speed in m s −1.

9 km = 9000 m and

WEB LINK

Separate the two stages of the journey.
Remember travelling back means a negative
velocity and a negative displacement.

You usually only
include units in the
final answer to a
problem and not in all
the earlier steps. This is
because it is easy to
confuse units and
variables. For example,
s for displacement can
be easily mixed up with
s for seconds. It is
important to work in
SI units throughout, so
that the units are
consistent.

5

Cambridge International AS & A Level Mathematics: Mechanics

WORKED EXAMPLE 1.3
A cyclist spends some of his journey going downhill at 15 m s −1 and the rest of the time going uphill at 5 m s −1. In
one minute he travels 540 m. Find how long he spent going downhill.
Answer
Let t be the amount of time spent going downhill.

Define the variable.

Then 60 − t is the amount of time spent going uphill.

Write an expression for the time spent
travelling uphill.

Total distance = 15t + 5(60 − t )
15t + 300 − 5t
10t
t

Set up an equation for the total distance.

=
=
=
=

540
540
240
24 s

EXPLORE 1.1
Two students are trying to solve this puzzle.
6

A cyclist cycles from home uphill to the shop at 5 m s −1. He then cycles home and wants
to average 10 m s −1 for the total journey. How fast must he cycle on the way home?
Their solutions are shown here. Decide whose logic is correct and try to explain what
is wrong with the other’s answer.
Student A

Student B

Call the speed on the return journey v.

Cycling at 5 m s −1 will take twice as long as it would
if he were going at 10 m s −1. That means he has used
up the time required to go there and back in the first
part of the journey, so it is impossible to average
10 m s −1 for the total journey.

The average of 5 m s −1 and v is 10 m s −1
so v must be 15 m s −1.

MODELLING ASSUMPTIONS
Throughout this course, there will be questions about how realistic your answers are.
To simplify problems you will make reasonable assumptions about the scenario to
allow you to solve them to a satisfactory degree of accuracy. To improve the
agreement of your model with what happens in the real world, you would need to
refine your model, taking into account factors that you had initially ignored.
In some of the questions so far, you might ask if it is reasonable to assume constant
speed. In real life, speed would always change slightly, but it could be close enough to
constant that it is a reasonable assumption.

WEB LINK
You may want to have
a go at the Average
speed resource at the
Introducing calculus
station on the
Underground
Mathematics website.
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With real objects such as bicycles or cars, there is the question of which part of the
object you are referring to. You can be consistent and say it is the front of a vehicle,
but when it is a person the front changes from the left leg to the right leg. You may
choose to consider the position of the torso as the position of the person. In all the
examples in this coursebook, you will consider the object to be a particle, which is
very small, so you do not need to worry about these details. You will assume any
resulting errors in the calculations will be sufficiently small to ignore. This could
cause a problem when you consider the gap between objects, because you may not
have allowed for the length of the object itself, but in our simple models you will
ignore this issue too.

DID YOU KNOW?
Once they have reached top speed, swimmers tend
to move at a fairly constant speed at all points during
the stroke. However, the race ends when the swimmer
touches the end of the pool, so it is important to time
the last two or three strokes to finish with arms
extended. If the stroke finishes early the swimmer
might not do another stroke and instead keep their
arms extended, but this means the swimmer slows
down. In a close race, another swimmer may
overtake if that swimmer times their strokes better.
This happened to Michael Phelps when he lost to
Chad Le Clos in the final of the Men’s 200 m
Butterfly in the 2012 Olympics.

EXERCISE 1A
1 A cyclist covers 120 m in 15 s at constant speed. Find her speed.
2 A sprinter runs at constant speed of 9 m s −1 for 7 s. Find the distance covered.
M

3 a A
 cheetah spots a grazing gazelle 150 m away and runs at a constant 25 m s −1 to catch it. Find how long it
takes to catch the gazelle.
b What assumptions have been made to answer the question?
4 The speed of light is 3.00 × 108 m s −1 to 3 significant figures. The average distance between the Earth and the
Sun is 150 million km to 3 significant figures. Find how long it takes for light from the Sun to reach the Earth
on average. Give the answer in minutes and seconds.
5 The land speed record was set in 1997 at 1223.657 km h −1. Find how long in seconds it took to cover 1km when
the record was set.

M

6 A runner runs at 5 m s −1 for 7 s before increasing the pace to 7 m s −1 for the next 13s.
a Find her average speed.
b What assumptions have been made to answer the question?

7
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7 A remote control car travels forwards at 6 m s −1 in Drive and backwards at 3 m s −1 in Reverse. The car travels
for 10 s in Drive before travelling for 5 s in Reverse.
a Find its displacement from its starting point.
b Find its average velocity in the direction in which it started driving forwards.
c

Find its average speed.

8 A speed skater averages 11m s −1 over the first 5 s of a race. Find the average speed required over the next 10 s
to average 12 m s −1 overall.
9 The speed of sound in wood is 3300 m s −1 and the speed of sound in air is 330 m s −1. A hammer hits one end of
a 33 m long plank of wood. Find the difference in time between the sound waves being detected at the other
end of the plank and the sound being heard through the air.
10 An exercise routine involves a mixture of jogging at 4 m s −1 and sprinting at 7 m s −1. An athlete covers 1km in
3 minutes and 10 seconds. Find how long she spent sprinting.
11 Two cars are racing over the same distance. They start at the same time, but one finishes 8 s before the other.
The faster one averaged 45 m s −1 and the slower one averaged 44 m s −1. Find the length of the race.
12 Two air hockey pucks are 2 m apart. One is struck and moves directly towards the other at 1.3 m s −1. The other
is struck 0.2 s later and moves directly towards the first at 1.7 m s −1. Find how far the first puck has moved
when the collision occurs and how long it has been moving for.
8

P

13 A motion from point A to point C is split into two parts. The motion from A to B has displacement s1 and
takes time t1. The motion from B to C has displacement s2 and takes time t2.
a Prove that if t1 = t2 the average speed from A to C is the same as the average of the speeds from A to B
and from B to C .
b Prove that if s1 = s2 the average speed from A to C is the same as the average of the speeds from A to B
and from B to C if, and only if, t1 = t2.

P

14 The distance from point A to point B is s. In the motion from A to B and back, the speed for the first part of the
motion is v1 and the speed for the return part of the motion is v2 . The average speed for the entire motion is v.
a Prove that v =

2v1v2
.
v1 + v2

b Deduce that it is impossible to average twice the speed of the first part of the motion, that is, it is
impossible to have v = 2v1.
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1.2 Acceleration
Velocity is not the only measure of the motion of an object. It is useful to know if, and how,
the velocity is changing. We use acceleration to measure how quickly velocity is changing.
TIP

KEY POINT 1.6

The units of
acceleration are m s −2.

For an object moving at constant acceleration,
acceleration =

change in velocity
time taken

If an object has constant acceleration, a, initial velocity u and it reaches final velocity v in time t,
then
v−u
a=
t
where u, v and a are all measured in the same direction.

An increase in velocity is a positive acceleration, as shown in the diagram on the left.
A decrease in velocity is a negative acceleration, as shown in the diagram on the right. This
is often termed a deceleration.
positive
direction

positive
direction

initial
velocity

final
velocity
20 m s−1

30 m s−1

initial
velocity

final
velocity
20 m s–1

10 m s–1

EXPLORE 1.2
If the initial velocity is negative, what effect would a positive acceleration have on the
car? Would it be moving more quickly or less quickly?
What effect would a negative acceleration have on the car in this situation? Would it
be moving more quickly or less quickly?
When the acceleration is constant, the average velocity is simply the average of the initial
and final velocities, which is given by the formula

1
( u + v ). This can be used to find
2

displacements using the equation for average velocity from key point 1.5.
KEY POINT 1.7
If an object has constant acceleration, a, initial velocity u and it reaches final velocity v in time t,
then the displacement, s is given by
1
s = ( u + v )t
2

9
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WORKED EXAMPLE 1.4
A parachutist falls from rest to 49 m s −1 over 5 s. Find her acceleration.
Answer
v−u
a=
t
49 − 0
=
5
= 9.8 m s −2

TIP
‘Rest’ means not
moving, so velocity is
zero.

Make sure you use the correct units which
are m s −2 .

WORKED EXAMPLE 1.5
A tractor accelerates from 5 m s −1 to 9 m s −1 at 0.5 m s −2 . Find the distance covered by the tractor over this time.
Answer
v−u
a=
t

Substitute into a =

v−u
first to find t.
t

Substitute into s =

1
( u + v )t to find s.
2

9−5
t
0.5t = 4
t = 8s

So 0.5 =
10

1
( u + v )t
2
1
= (5 + 9) × 8
2
= 56 m

s=

EXERCISE 1B
1 A car accelerates from 4 m s −1 to 10 m s −1 in 3s at constant acceleration. Find its acceleration.
2 A car accelerates from rest to 10 m s −1 in 4 s at constant acceleration. Find its acceleration.
3 A car accelerates from 3 m s −1 at an acceleration of 6 m s −2 . Find the time taken to reach 12 m s −1.
4 An aeroplane accelerates at a constant rate of 3 m s −2 for 5 s from an initial velocity of 4 m s −1. Find its final
velocity.
5 A speedboat accelerates at a constant rate of 1.5 m s −2 for 4 s reaching a final velocity of 9 m s −1. Find its initial
velocity.
6 A car decelerates at a constant rate of 2 m s −2 for 3s finishing at a velocity of 8 m s −1. Find its initial velocity.
7 A car accelerates from an initial velocity of 4 m s −1 to a final velocity of 8 m s −1 at a constant rate of 0.5 m s −2 .
Find the displacement in that time.
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M

8 A sprinter covers 60 m in 10 s accelerating from a jog. Her final velocity is 9 m s −1.
a Calculate her acceleration.
b What assumptions have been made to answer the question?
9 A wagon is accelerating down a hill at constant acceleration. It took 1s more to accelerate from a velocity
of 1m s −1 to a velocity of 5 m s −1 than it took to accelerate from rest to a velocity of 1m s −1. Find the
acceleration.
10 A driver sees a turning 100 m ahead. She lets her car slow at constant deceleration of 0.4 m s −2 and arrives at
the turning 10 s later. Find the velocity she is travelling at when she reaches the turning.

PS

11 A cyclist is travelling at a velocity of 10 m s −1 when he reaches the top of a slope which is 80 m long. There is a
bend at the bottom of the slope which it would be dangerous to go round faster than 11m s −1. Down the slope
he would accelerate at 0.1m s −2 because of gravity if he did not pedal or brake. To go as fast as possible but
still reach the bottom at a safe speed should the cyclist brake, do nothing or pedal?

1.3 Equations of constant acceleration
In Worked example 1.5, you needed two equations to find the required answer. Wherever
possible it is better to go directly from the information given to the required answer using
just one equation because it is more efficient and reduces the number of equations to solve,
and therefore reduces the likelihood of making mistakes.
There are five equations relating the five variables s, u, v, a and t. Each equation relates
four of the five variables.

11

Two of these equations were introduced in Section 1.2, although the first one is normally
given in the rearranged form shown in Key Point 1.8.
TIP
KEY POINT 1.8
For an object travelling with constant acceleration a, for time t, with initial velocity u, final velocity
v and change of displacement s , we have
v = u + at
1
s = ( u + v )t
2
1
s = ut + at 2
2
s = vt −

1 2
at
2

v 2 = u 2 + 2as
These equations are often referred to as the suvat equations.

You will derive these equations in Exercise 1C.

In general, these
equations are only
valid if the acceleration
is constant.

FAST FORWARD
In Chapter 6 you will
consider how acceleration,
speed, distance and
time are related when
the acceleration is not
constant.
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WORKED EXAMPLE 1.6
a A go-kart travels down a slope of length 70 m. It is given a push and starts moving at an initial
velocity of 3 m s −1 and accelerates at a constant rate of 2 m s −2 . Find its velocity at the bottom of
the slope.
b Find the time taken for the go-kart to reach the bottom of the slope.
Answer
a The time, t, is unknown.
The final velocity, v, is unknown.

It is often useful to list what information is
given and what is unknown.

s = 70
u=3
a=2
v 2 = u2 + 2 as
= 32 + 2 × 2 × 70
= 289
v = ±17
We know that v . 3.
v = 17 ms −1

12

Choose the equation with the known variables
and the one required.
In this case, we know u, a and s, and we want
to find v.
From the context the velocity is increasing
from 3 m s −1, so only the positive solution is
required.
A negative velocity would indicate movement
in the opposite direction.

b

1 2
at
2
1
70 = 3t + × 2t 2
2
t 2 + 3t − 70 = 0
s = ut +

(t + 10)(t − 7) = 0
t = −10 or t = 7
We know that t . 0 so t = 7 s.

Use a formula that involves given values rather
than relying on your calculated values, as this
will increase your chances of getting the
correct answer even if your earlier answer was
wrong.
Negative time would refer to time before the
go-kart started its descent. Only the positive
solution is required.
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WORKED EXAMPLE 1.7
A trolley has a constant acceleration. After 2 s it has travelled 8 m and after another 2 s it has travelled a further
20 m. Find its acceleration.
Answer
Let the initial speed be v1.
Let the speed after 2 s be v2.
Let the speed after 4 s be v3.

There are unknown velocities at three different
times so simply using u and v may be
insufficient and unclear.

Acceleration, a, is unknown.

List the information for the first 2 s.

s = 8      t = 2
u = v1    v = v2

There are too many unknowns to be able to
calculate any of them at this stage.

Acceleration, a, is unknown but the same as for the first 2 s.

List the information for the next 2 s.

s = 20    t = 2
u = v2     v = v3

Note that the speed after 2 s is the final speed
for the first 2 s but the initial speed for the next
2 s so we can use the same letter to represent it.

1 2
at
2
1
8 = 2v2 − × a × 22
2
2v2 − 2 a = 8

Since v2 and a are the common unknowns in
both stages of the motion, we will write
equations relating them. First write the
equation for the first stage of the motion.

1 2
at
2
1
20 = 2v2 + × a × 22
2
2v2 + 2 a = 20

We will again write the equation relating v2
and a, but now for the second stage of the
motion.

4v2 = 28

Solve simultaneously by adding the equations
and substituting the value for v2 back in to one
of the original equations.

s = vt −

s = vt −

v2 = 7 m s −1
So a = 3 m s −2
or

1
s = ut + at 2
2
1
8 = 2v1 + × a × 22
2
1
28 = 4v1 + × a × 42
2
giving v1 = 1m s −1
So a = 3 m s −2

There is an alternative solution by considering
the whole 4 s as one motion and creating
equations involving v1.

13
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EXERCISE 1C
1 For each part, assuming constant acceleration, write down the equation relating the four variables in the
question and use it to find the missing variable.
a Find s when a = 3 m s −2, u = 2 m s −1 and t = 4 s.
b Find s when a = 2 m s −2, v = 17 m s −1 and t = 8 s.
c

Find a when s = 40 m , u = 3 m s −1 and t = 5 s.

d Find a when s = 28 m, v = 13 m s −1 and t = 4 s.
e Find a when s = 24 m, u = 2 m s −1 and v = 14 m s −1.
f

Find u when s = 45 m, a = 1.5 m s −2 and t = 6 s.

g Find v when s = 24 m, a = −2.5 m s −2 and t = 4 s.
h Find s when a = 0.75 m s −2 , u = 2 m s −1 and v = 5 m s −1.
2 Assuming constant acceleration, find the first time t, for positive t, at which the following situations occur.
a Find t when a = −2 m s −2, u = 10 m s −1 and s = 24 m.
b Find t when a = 0.5 m s −2, v = 5 m s −1 and s = 21m.
c

Find t when a = 1m s −2, u = 3 m s −1 and s = 20 m.

3 Assuming constant acceleration, find v when s = 6 m, u = 5 m s −1 and a = −2 m s −2 if the object has changed
direction during the motion.

14

4 Assuming constant acceleration, find u when s = 60 m, v = 13 m s −1 and a = 1m s −2 if the object has not
changed direction during the motion.
5 a Assuming constant acceleration, find v when s = 18 m, u = 3 m s −1 and a = 2 m s −2.
b Why is it not necessary to specify in this question whether the object has changed direction during the
motion?
6 A car is travelling at a velocity of 20 m s −1 when the driver sees the traffic lights ahead change to red. He
decelerates at a constant rate of 4 m s −2 and comes to a stop at the lights. Find how far away from the lights
the driver started braking.
7 An aeroplane accelerates at a constant rate along a runway from rest until taking off at a velocity of 60 m s −1.
The runway is 400 m long. Find the acceleration of the aeroplane.
8 An aeroplane accelerates from rest along a runway at a constant rate of 4 m s −2 . It needs to reach a velocity of
80 m s −1 to take off. Find how long the runway needs to be.
9 A motorcyclist sees that the traffic lights are red 40 m ahead of her. She is travelling at a velocity of 20 m s −1
and comes to rest at the lights. Find the deceleration she experiences, assuming it is constant.
M

10 A driver sees the traffic lights change to red 240 m away when he is travelling at a velocity of 30 m s −1. To avoid
wasting fuel, he does not brake, but lets the car slow down naturally. The traffic lights change to green after
12 s, at the same time as the driver arrives at the lights.
a Find the speed at which the driver goes past the lights.
b What assumptions have been made to answer the question?
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11 In a game of curling, competitors slide stones over the ice at a target 38 m away. A stone is released directly
towards the target with velocity 4.8 m s −1 and decelerates at a constant rate of 0.3 m s −2. Find how far from the
target the stone comes to rest.
12 A golf ball is struck 10 m from a hole and is rolling towards the hole. It has an initial velocity of 2.4 m s −1 when
struck and decelerates at a constant rate of 0.3 m s −2 . Does the ball reach the hole?
PS

P

13 A driverless car registers the traffic lights change to amber 40 m ahead. The amber light is a 2 s warning
before turning red. The car is travelling at 17 m s −1 and can accelerate at 4 m s −2 or brake safely at 8 m s −2 .
What options does the car have?
1
14 The first two equations in Key Point 1.8 are v = u + at and s = ( u + v )t. You can use these to derive the
2
other equations.
1
a By substituting for v in the second equation, derive s = ut + at 2.
2
1 2
b Derive the remaining two equations, s = vt − at and v 2 = u2 + 2 as, from the original two equations.
2

P

15 Show that an object accelerating with acceleration a from velocity u to velocity v, where 0 , u , v, over a
u+v
1
time t is travelling at a velocity of
at time t, that is that at the time halfway through the motion the
2
2
velocity of the object is the mean of the initial and final velocities.

P

16 Show that an object accelerating with acceleration a from velocity u to velocity v, where 0 , u , v, over a
v 2 + u2
1
displacement s is travelling at a speed of
at a distance s. Hence prove that when the object does
2
2
not change direction the speed at the midpoint of the distance is always greater than the mean of the initial and
final speeds. Deduce also that the mean of the initial and final speeds occurs at a point closer to the start of the
motion than the end.
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1.4 Displacement–time graphs and multi-stage problems
It can be useful to show how the position of an object changes over time. You can do this
using a displacement–time graph.
Imagine the following scenario. A girl is meeting a friend 1km down a straight road. She
walks 30 m along the road to a bus stop in 20 s. Then she waits 30 s for a bus, which takes
her to a bus stop 20 m past her friend. The bus does not stop to pick anyone else up or drop
them off. The journey takes 150 s. She walks the 20 m back to meet her friend in 15 s.
The graph would look like the one shown. You always show time on the x-axis and
displacement on the y-axis. Notice you are defining the time as being measured from
when the girl starts walking and the displacement from where she starts walking in the
direction of her friend.
Where the graph is horizontal it indicates that the displacement is unchanged and
therefore the girl is not moving. This was when she was waiting for the bus. If the graph
is not horizontal it indicates the position is changing and the steepness of the line
indicates how quickly it is changing.

s
1020
1000

30
20

50

200 215

t
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A straight line on a displacement–time graph indicates a constant speed, as when the girl
was walking to the bus stop. A curved line indicates a change in speed, for example, when
the bus started moving after picking the girl up and when it slowed down to stop.
Notice that when the girl got off the bus to meet her friend she travelled in the opposite
direction, so the change in her displacement and hence her velocity are negative. On the
graph there is a negative gradient. The speed is the magnitude of the gradient, but the
velocity includes the negative sign to indicate the direction.
Displacement–time graphs can have negative displacements below the x-axis, unlike
distance–time graphs.
FAST FORWARD

KEY POINT 1.9
The gradient of a displacement–time graph is equal to the velocity of the object.

When sketching a graph of the motion of an object, you should show clearly the shape of
the graph, and carefully distinguish a straight line from a curve. On a sketch you need to
show only the key points. These include the intercept on the vertical axis, which is the
initial position of the object, and any intercepts on the horizontal time axis, where the
object is at the reference point. If there is more than one stage to the motion, you should
clearly indicate the time and displacement of the object at the change in the motion.
16

In Chapter 6, you will
consider gradients of
curved displacement–
time graphs.

WORKED EXAMPLE 1.8
A racing car passes the finish line of a race moving at a constant velocity of 60 m s −1. After 5 s it starts decelerating
at 3 m s −2 until coming to rest. Sketch the displacement–time graph for the motion after the end of the race,
measuring displacement from the finishing line.
Answer
Let t1 be the time from the start of the first stage
and t2 be the time from the start of the second stage.

Let s1 be the displacement up to time t1 during the
first stage and s2 the distance travelled during the second stage.

For the end of the first stage,
s = vt

The first stage of the journey is while the car
travels at constant velocity.
The second stage is while the car is
decelerating.

Find the displacement during the first stage
because it will be marked on the sketch.

So when t1 = 5
s1 = 60 × 5
= 300 m
For the graph for 0 , t , 5,
s = 60t

The graph of the first stage relates the variables
s and t and is found using the equation for
constant velocity.
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s (m)

The first stage is a straight line graph with
gradient 60 for 5 s.

300
t (s)

5

The line starts at the origin because initial
displacement is 0 m.
After 5 s the displacement is 300 m.

For the end of the second stage,
v = u + at
So, 0 = 60 + (–3) × t2

During the deceleration stage use an equation
for constant acceleration to find the value of t2
at the end of that stage of the motion.
Use the final velocity from the first stage as the
initial velocity for the second stage.

t2 = 20
v 2 = u2 + 2 as
0 = 60 + 2 × ( −3) × s2
s2 = 600

During the deceleration stage use an equation
for constant acceleration to find the value of s2
at the end of that stage of the motion.

Total time for the journey = t1 + t2
= 5 + 20 = 25 s

The total time is the value to be marked on the
sketch.

Total displacement = s1 + s2
= 300 + 600
= 900 m
For 5 , t , 25,

The total displacement from the finish line is
the sum of both displacements.

2

2

s = 300 + s2
and
t = 5 + t2

The general displacement during the second
stage is the sum of the displacement at the end
of the first stage and the displacement during
the second stage.

1 2
at
2
1
= 60t2 + × −3 × t22
2
3
= 60t2 − t22
2

s = ut +
s2

For the graph for 5 , t , 25,
s = 300 + 60t2 −

3 2
t2
2

= 300 + 60(t − 5) −
=−

We can now find the equation of the curve in
terms of s and t.

3
(t − 5)2
2

3 2
75
t + 75t −
2
2

s (m)

The graph for the second stage is a negative
quadratic curve, valid for 5 , t , 25 finishing
horizontal at t = 25 (since v = 0).

900
300
5

25

t (s)

The join between the graphs at t = 5 is smooth
with the same gradient on the line before the
join and the curve immediately after the join.

17
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WORKED EXAMPLE 1.9
A cyclist is travelling at a velocity of 15 m s −1 when he passes a junction. He then decelerates at a constant rate of
0.6 m s −2 until coming to rest. A second cyclist travels at a constant velocity of 20 m s −1 and passes the junction 4 s
after the first cyclist. Find the time at which the second cyclist passes the first and the displacement from the
junction when that happens.
Answer
Let t1 be the time from the first cyclist reaching
the junction and t2 be the time from the second cyclist
reaching the junction.

The cyclists pass the junction at different
times, so it may be useful to define times for
each of them separately.

Let s1 be the displacement of the first cyclist from
the junction and s2 be the displacement of the second
cyclist from the junction.
1 2
at
2
1
s1 = 15t1 + × ( −0.6)t12
2
s = ut +

Find a formula for the displacement of the first
cyclist.

s = vt
s2 = 20t2

Find a formula for the displacement of the
second cyclist from the junction, noting that the
time is not measured from the same instant.

t2 = t1 − 4

Find how the times are related.

18

So s2 = 20(t1 − 4)
s1 = s2
15t1 −
3t12

2
0.3t1

= 20(t1 − 4)

One cyclist passes the other when they have the
same displacement.

+ 50t1 − 800 = 0

(3t1 + 80)(t1 − 10) = 0
80
3
So t1 = 10 s

t1 = 10, −

s1 = 15 × 10 +
= 120 m

1
× −3 × 102
2

Or s2 = 20(10 − 4)
= 120 m

Find the displacement from either formula as
they should give the same answer.
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WORKED EXAMPLE 1.10
Cyclist A is travelling at 16 m s −1 when she sees cyclist B 15 m ahead
travelling at a constant velocity of 10 m s −1. Cyclist A then slows
at 1.5 m s −2 . Find the minimum gap between the cyclists.

A

B

initial
position

A

15 m

B

at time t
sB
sA

Answer
Let t be the time measured from when the cyclists
are 15 m apart and let the gap between the cyclists at
time t be G(t ) .
G(t ) = G(0) + sB − sA

Find the gap between the cyclists by adding the
original gap and the change in displacement of
the leading cyclist, and then subtracting the
change of displacement of the following cyclist.

G(t ) = 15 + 10t − (16t − 0.75t 2 )
G(t ) = 0.75(t − 4)2 + 3
Minimum gap is 3 m at 4 s.
Or 16 − 1.5t = 10
t=4
G(t ) = 15 + 10t − (16t − 0.75t 2 ) = 3 m

Complete the square to find the minimum gap
and the time at which it occurs.
Alternatively, the closest distance is when the
cyclists travel at the same speed because once
the cyclist behind slows down the gap will
increase again.
19

EXERCISE 1D
1 Sketch the displacement–time graphs from the information given. In each case consider north to be the
positive direction and home to be the point from which displacement is measured.
a Bob leaves his home and heads north at a constant speed of 3 m s −1 for 10 s.
b Jenny is 30 m north of home and walks at a constant speed of 1.5 m s −1 until reaching home.
c

Ryo is sitting still at a point 10 m south of his home.

d Nina is 300 m north of her home. She drives south at a constant speed of 10 m s −1, passing her home, until
she has travelled a total of 500 m.
2 Sketch the displacement–time graphs from the information given. In each case consider upwards to be the
positive direction and ground level to be the point from which displacement is measured. Remember to
include the values for time and displacement at any points where the motion changes.
a A firework takes off from ground level accelerating upwards for 10 s with constant acceleration 4 m s −2.
b A ball is thrown upwards from a point 1m above the ground with initial speed 5 m s −1. It accelerates
downwards at a constant rate of 10 m s −2 until it stops moving upwards, when it is caught by someone
standing on a ladder.
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c

A rocket is falling at 10 m s −1 at a height of 100 m above the ground when its engines turn on to provide a
constant acceleration of 2 m s −2 upwards. The engines remain on until the rocket has reached a height of
175 m above ground level.

d A pebble is thrown upwards from the top of a cliff 18.75 m above the sea. It has initial speed 5 m s −1. It
accelerates downwards at a constant rate of 10 m s −2 until it stops moving upwards, starts falling and
reaches the sea at the bottom of the cliff. Displacement is measured from the top of the cliff.
3 Sketch the displacement–time graphs from the information given. In each case consider forwards to be the
positive direction and the traffic lights to be the point from which displacement is measured. Remember to
include the values for time and displacement at any points where the motion changes.
a A car is waiting at rest at the traffic lights. It accelerates at a constant rate of 3 m s −2 for 5 s then remains at
constant speed for the next 10 s .
b A motorbike passes the traffic lights at a constant speed of 10 m s −1. After 6 s it starts to slow at a constant
rate of 2 m s −2 until it comes to rest.
c

A truck is moving at constant speed of 8 m s −1 and is approaching the traffic lights 60 m away. When it is
20 m away it accelerates at a constant rate of 2 m s −2 to get past the lights before they change colour.

d A scooter accelerates from rest 100 m before the traffic lights at a constant rate of 1.5 m s −2 until it reaches
6 m s −1. It then travels at this speed until it reaches a point 50 m beyond the traffic lights. At that point it
starts to slow at a constant rate of 1m s −2 until it stops.
4 The sketch shows a displacement–time graph of the position of a train passing
a station. The displacement is measured from the entrance of the station to the
front of the train. Find the equation of the displacement–time graph and hence
the time at which the front of the train reaches the entrance of the station.

20

s (m)
100

0

10

t (s)

−60

5 The sketch shows a displacement–time graph of a car slowing down with
constant acceleration before coming to rest at a set of traffic lights.
a The equation of the displacement–time graph can be written in the form
s = p(t − q )2 + r. Using the two points marked and the fact that the car is
stationary at t = 10, find p, q and r.
1
b By comparison with the equation s = s0 + ut + at 2, find the initial speed
2
and acceleration of the car.
PS

s (m)

0

10

−50

6 Two cars drive along the same highway. One car starts at junction 1 travelling north at a constant speed of
30 m s −1. The second car starts at junction 2, which is 3 km north of junction 1, travelling south at a constant
speed of 20 m s −1.
a Sketch the two displacement–time graphs on the same set of axes.
b Find the equations of the two displacement–time graphs.
c

Solve the equations to find the time at which the cars pass each other and hence find the distance from
junction 1 at which they pass.

t (s)
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7 Two trains travel along the same stretch of track 5 km long. One starts at the southern end travelling north at
a constant speed of 25 m s −1. The second train starts at the northern end 40 s later travelling south at a
constant speed of 15 m s −1.
a Sketch the two displacement–time graphs on the same set of axes.
b Find the time for which the first train has been moving and the distance the first train has travelled when
the trains pass each other.
8 A cyclist is stationary when a second cyclist passes travelling at a constant speed of 8 m s −1. The first cyclist
then accelerates for 5 s at a constant rate of 2 m s −1 before continuing at constant speed until overtaking the
second cyclist. By sketching both graphs, find the equations of the two straight line sections of the graphs and
hence find how long it is before the first cyclist overtakes the second.
M

9 Two rowing boats are completing a 2 km course. The first boat leaves, its crew rowing at a speed of 3.2 m s −1 .
The second boat leaves some time later, its crew rowing at 4 m s −1, and overtakes the first boat after the second
has been travelling for 40 s.
a Find how much earlier the second boat completes the course.
b What assumption has been made in your answer?
10 The leader in a race has 500 m to go and is running at a constant speed of 4 m s −1, but with 100 m to go
increases her speed by a constant acceleration of 0.1m s −2 . The second runner is 100 m behind the leader when
the leader has 500 m to go, and running at 3.8 m s −1 when she starts to accelerate at a constant rate. Find the
minimum acceleration she needs in order to win the race.

PS

11 A van driver wants to pull out from rest onto a road where cars are moving at a constant speed of 20 m s −1.
When there is a large enough gap between cars, the van driver pulls out immediately after one car passes. She
then accelerates at a constant rate of 4 m s −2 until moving at 20 m s –1. To do this safely the car behind must
always be at least 10 m away. Find the minimum length of the gap between the cars for the van driver to pull out.
12 A police motorcyclist is stationary when a car passes, driving dangerously at a constant speed of 40 m s −1 . At
the instant the car passes, the motorcyclist gives chase, accelerating at 2.5 m s −2 until reaching a speed of
50 m s −1 before continuing at a constant speed. Show that the motorcyclist has not caught the car by the time
he reaches top speed. Find how long after the car initially passed him the motorcyclist catches the car.
13 The front of a big wave is approaching a beach at a constant speed of 11.6 m s −1. When it is 30 m away from a
boy on the beach the wave starts decelerating at a constant rate of 1.6 m s −2 and the boy walks away from the
sea at a constant speed of 2 m s −1. Show that the wave will not reach the boy and find the minimum distance
between the boy and the wave.

PS

14 Swimmers going down a waterslide 30 m long push themselves off with an initial speed of between 1m s −1 and
2 m s −1. They accelerate down with constant acceleration 0.8 m s −2 for the first 20 m before more water is added
and the acceleration is 1m s −2 for the last 10 m of the slide. For safety there must be at least 5 s between
swimmers arriving at the bottom of the slide. Find the minimum whole number of seconds between swimmers
being allowed to start the slide.

P

15 A ball is projected in the air with initial speed u and goes up and down with acceleration g downwards. A
timer is at a height h. It records the time from the ball being projected until it passes the timer on the way up
as t1 and on the way down as t2. Show that the total of the two times is independent of h and that the initial
speed can be calculated as u =

g (t1 + t2 )
. Show also that the difference between the times is given by
2

2 u2 − 2 gh
. Hence find a formula for h in terms of t1, t2 and g .
g
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1.5 Velocity–time graphs and multi-stage problems
As well as using a displacement–time graph, we can show the motion of an object on a
velocity–time graph.
Imagine the following scenario. An athlete goes for a run. He starts at rest and gradually
increases his speed over the first 30 s before maintaining the same speed of 5 m s −1 for 60 s.
Then he gradually reduces his speed until coming to rest another 30 s later. He then
returns to his starting point by increasing his speed quickly at the start and continually
trying to increase his speed for 90 s, but only managing to increase it by smaller and
smaller amounts, peaking at 6 m s −1. He then slows down over 10 s before coming to rest at
his start point.
The graph would look like the one shown here. You always
show time on the x-axis and velocity on the y-axis.
A horizontal graph line indicates that the velocity is unchanged
and therefore the athlete is moving at constant speed. If the
graph is not horizontal it indicates the velocity is changing and
the steepness of the line indicates how quickly it is changing.
Note that when the athlete returned to the start, the velocity
became negative because the direction of motion changed.
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t (s)

−6

KEY POINT 1.10
The gradient of a velocity–time graph is equal to the acceleration of the object.

From this graph you can see that the gradient is

v−u
, which is the same as the formula
t

v (m s−1)

given for acceleration in Section 1.2.
You can use the formula for the area of a trapezium to show that the area under the graph
1
line is ( u + v )t, which is the same as the formula for the displacement. This rule can be
2
generalised so that if the motion changes and the velocity–time graph has more than one
line, the area under the graph may be found as the sum of separate areas under the lines.

v
u
t

t (s)

KEY POINT 1.11
The area under the line of a velocity–time graph is the displacement of the object.

Note that in the previous scenario of the athlete, part of the graph is under the x-axis.
The area below the axis is a ‘negative area’ and it indicates a negative displacement. In this
particular example, the athlete started and ended at the same point and so the area above
the axis should equal the area below the axis to indicate no overall change in displacement.
Note also that part of the graph is curved. This indicates that the acceleration is not
constant.

FAST FORWARD
In Chapter 6 you will
consider gradients of
and areas under curved
velocity–time graphs.
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MODELLING ASSUMPTIONS
In the same way as we asked if it is reasonable to assume constant speed, we might ask
if it is reasonable to assume constant acceleration. In many cases it is close enough, but
it is often harder to maintain the same acceleration when moving at high speeds.
In scenarios involving people, we often say that someone is not moving then walks
at a given speed. We assume that the change is instantaneous. In the case of
walking at low speeds the time taken to reach that speed is sufficiently small that it
is not a bad assumption, but for runners there may be some error in making that
assumption.

DID YOU KNOW?
Olympic sprinters take about 60 m to reach top speed. By the end of the 100 m race they are
normally starting to slow down. You might expect that, because runners start to slow down after
about 100 m, race times for 200 m will be more than double the times for 100 m. In fact, for most
of the time since world records were recorded, the 200 m world record has been less than double
the 100 m record because the effect of starting from a stationary position is larger than the effect of
slowing down by a small amount for the second 100 m.

WORKED EXAMPLE 1.11

23

a Arthur travels at a constant speed of 5 m s −1 for 10 s and then decelerates at a constant rate of 0.5 m s −2 until
coming to rest. Sketch the velocity–time graph for his motion.
b Brendan travels at a constant 4 m s −1 starting from the same time and place. Show that Arthur and Brendan
are travelling at the same speed after 12 s and hence find the furthest Arthur gets ahead of Brendan.
1
c Show that for t . 10 the gap between them is given by g(t ) = − t 2 + 6t − 25 and hence find the time when
4
Brendan overtakes Arthur.
Answer
a Let T be the time spent in deceleration.
v = u + at
0 = 5 – 0.5T
T = 10 s
t = T + 10
= 20 s

Use an equation of constant acceleration to
find the time for the second stage of the
motion.
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v (m s−1)

Constant velocity means a horizontal line.

5

Deceleration from a positive velocity means a
negative gradient.
10

b

20

t (s)

v (m s−1)

The x-axis intercept is at the total time from
the start.
Find where the lines cross to solve when
velocities are equal.

5
4

10 12

20

t (s)

v = 5 − 0.5(t − 10) = 4
t = 12 s
sA = 5 × 10 +

1
× (5 + 4) × 2 = 59 m
2

sB = 4 × 12 = 48 m
Therefore, the largest gap is 11m .

Time in the second stage is 10 s less than total
time since start.
The largest gap between them is equal to the
difference in displacements at the time when
they have the same velocity. After this time
Brendan is travelling faster than Arthur and so
starts to catch up.
Distance travelled is area under graph: a
rectangle plus a trapezium for Arthur and a
rectangle for Brendan.
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c

Starting gap = 0
At time t:
1
1


(t − 10)  5 +  5 − (t − 10)  



2
2
1
= 50 + 5(t − 10) − (t − 10)2
4
sB = 4t
1
g(t ) = 0 + 50 + 5(t − 10) − (t − 10)2 − 4t
4
1 2
= − t + 6t − 25
4
Brendan overtakes when the gap is 0, so
1
− t 2 + 6t − 25 = 0
4
t 2 − 24t + 100 = 0
sA = 50 +

The gap at time t is the starting gap plus the
distance covered by the leading person minus
the distance covered by the following person.
For t . 10, Arthur is in the second stage of the
motion, so the total distance is the distance
covered in the first stage plus the distance
covered in the second stage up to time t.

Solve g(t ) = 0 to find t.

t = 5.37 or 18.6
Since the equations are valid only for t . 10,
t = 18.6 s

Check the context and validity of the equations
to determine which is the relevant solution.
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EXERCISE 1E
1 Sketch the velocity–time graphs from the information given. In each case take north to be the positive
direction.
a Rinesh starts from rest moving north with a constant acceleration of 3 m s −2 for 5 s.
b Wendi is moving north at 2 m s −1 when she starts to accelerate at a constant rate of 0.5 m s −2 for 6 s.
c

Dylon is moving south at a constant speed of 4 m s −1.

d Susan is moving north at 6 m s −1 when she starts decelerating at a constant rate of 0.3 m s −2 until she comes
to rest.
2 Sketch the velocity–time graphs from the information given. In each case take upwards to be the positive direction.
a A ball is thrown up in the air from the surface of a pond with initial velocity 20 m s −1. It accelerates
under gravity with constant acceleration 10 m s −2 downwards. Once it has reached its highest point it
falls until it hits the surface of the pond and goes underwater. Under the water it continues to accelerate
with constant acceleration 1m s −2 for 1s.
b A parachutist falls from a helicopter which is flying at a constant height. She accelerates at a constant
rate of 10 m s −2 downwards for 0.5 s before the parachute opens. She then remains at constant speed for 5 s.
c

A hot-air balloon is floating at a constant height before descending to a lower height. It descends with
constant acceleration 5 m s −2 for 6 s, then the burner is turned on and the balloon decelerates at a constant
rate of 2 m s −2 until it is no longer descending.

d A firework takes off from rest and accelerates upwards for 7 s with constant acceleration 5 m s −2 , before
decelerating at a constant rate of 10 m s −2 until it explodes at the highest point of its trajectory.
3 The graph shows the motion of a motorcyclist when he starts travelling along a
highway until reaching top speed. Find the distance covered in reaching that
speed.
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v (m s−1)
30
10
0

4 The graph shows the motion of a ball when it is thrown upwards in the air until
it hits the ground. Find the height above the ground from which it was thrown.

8

t (s)

v (m s−1)
10
0

t (s)

1

−15

5 The sketch graph shows the motion of a boat. Find the distance the boat travels
during the motion.

v (m s−1)
12

0

4

10

t (s)
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6 The graph shows the journey of a cyclist going in a straight line from home to
school. Find the distance between her home and the school.

v (m s−1)

7
0

60 120

300

t (s)

7 A racing car is being tested along a straight 1 km course. It starts from rest accelerating at a constant rate of
10 m s −2 for 5 s. It then travels at a constant speed until a time t s after it started moving. Show that the
distance covered by time t is given by s = 125 + 50(t − 5) . Hence find how long it takes to complete the course.
8 A rowing boat accelerates from rest at a constant rate of 0.4 m s −2 for 5 s. It continues at constant velocity for
some time until decelerating to rest at a constant rate of 0.8 m s −2. In total the boat covers a distance of 30 m.
Find how long was spent at constant speed.
9 A cyclist accelerates at a constant rate from rest over 10 s to a speed v m s −1 . She then remains at that speed for
a further 20 s. At the end of this she has travelled 300 m in total. Find the value of v.
M

10 A boat accelerates from rest at a rate of 0.2 m s −2 to a speed v m s −1. It then remains at that speed for a further
30 s. At the end of this it has travelled 400 m in total.
a Find the value of v.
b What assumptions have been made to answer the question?
11 A crane lifts a block from ground level at a constant speed of v m s −1 . After 5 s the block slips from its shackles
and decelerates at 10 m s −2 . It reaches a maximum height of 6 m . Find the value of v.
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12 A car is at rest when it accelerates at 5 m s −2 for 4 s. It then continues at a constant velocity. At the instant the
car starts moving, a truck passes it moving, at a constant speed of 22 m s −1 . After 10 s the truck starts slowing
at 1m s −2 until coming to rest.
a Show that the velocities are equal after 12 s and hence find the maximum distance between the car and the
truck respectively.
b Show that the distance covered at a time t s from the start by the car and the truck, for t . 10, are given by
40 + 20(t − 4) and 220 + 22(t − 10) −

1
(t − 10)2, respectively. Hence find the time at which the car passes
2

the truck.
13 Two cyclists are having a race along a straight road. Bradley starts 50 m ahead of Chris. Bradley starts from
rest, accelerates to 15 m s −1 in 10 s and remains at this speed for 40 s before decelerating at 0.5 m s −2. Chris
starts 5 s later than Bradley. He starts from rest, accelerates to 16 m s −1 in 8 s and maintains this speed.
a Show that Bradley is still ahead when he starts to slow down, and find how far ahead he is.
b Find the amount of time Bradley has been cycling when he is overtaken by Chris.
PS

14 A driver travelling at 26 m s −1 sees a red traffic light ahead and starts to slow at 3 m s −2 by removing her foot
from the accelerator pedal. A little later she brakes at 5 m s −2 and comes to rest at the lights after 6 s.
a Sketch the velocity−time graph of the motion.
b Find the equations of the two sections of the graph.
c

Hence find the time when she needs to start braking.
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P

15 A car accelerates from rest to a speed v m s −1 at a constant acceleration. It then immediately decelerates at a
constant deceleration until coming back to rest t s after starting the motion.
a Show that the distance travelled is independent of the values of the acceleration and deceleration.
b Suppose instead the car spends a time T s at speed v m s −1 but still returns to rest after a total of t s after
starting the motion. Show that the distance travelled is independent of the values of the acceleration and
deceleration.

1.6 Graphs with discontinuities
What happens when a ball bounces or is struck by a bat? It would appear that the velocity
instantaneously changes from one value directly to a different value. If this did happen
instantaneously, the acceleration would be infinite. In practice, the change in velocity
happens over a tiny amount of time which it is reasonable to ignore, so we will assume the
change is instantaneous.
The velocity–time graph will have a discontinuity as in the following graph as the velocity
instantaneously changes.
v (m s−1)

0

t (s)
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The displacement–time graph cannot have a discontinuity, but the gradient will
instantaneously change, so the graph will no longer be smooth at the join between two
stages of the motion. For the velocity–time graph shown, the displacement–time graph will
look like the following.
s (m)

0

t (s)

KEY POINT 1.12
On the velocity–time graph of an object that instantaneously changes velocity by bouncing or being
struck, the change is represented by a vertical dotted line from the velocity before impact to the
velocity after impact.

Cambridge International AS & A Level Mathematics: Mechanics

DID YOU KNOW?

MODELLING ASSUMPTIONS
In practice, the objects may not instantaneously change velocity. In the example of a tennis
ball being hit by a racket, the strings stretch very slightly and spring back into shape. It is
during this time that the ball changes velocity. In the case of a tennis ball striking a solid
wall or a solid object striking the ball, the ball may compress slightly during contact
before springing back into shape. In these cases, the time required to change is so small
that you can ignore it. By modelling the objects as particles, you can assume the objects
do not lose shape and the time in contact is sufficiently small to be negligible.

WORKED EXAMPLE 1.12
a A ball is travelling at a constant speed of 10 m s −1 for 2 s until it strikes a wall.
It bounces off the wall at 5 m s −1 and maintains that speed until it reaches
where it started. When it passes that point it decelerates at 1m s −2 . Find the
times and displacements when each change in the motion occurs.
b Sketch a velocity–time graph and a displacement–time graph for the motion.
Measure displacements as distances from the starting point and the original
direction of motion as positive.
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a The distance to the wall is
s = 10 × 2 = 20 m
The time between hitting
the wall and returning to the
starting point is, therefore,
20
t=
= 4 s so t = 6 s
5

Note that times are measured from the start
of the motion.

The time from starting to
decelerate until it stops is
0 − ( −5)
= 5 s so t = 11s
1
The distance covered is
1
5 × 5 + × ( −1) × 52 = 12.5 m
2
so displacement is

Note that displacements are measured from
the starting position taking the original
direction as positive.

s = −12.5 m

Although decelerating, the acceleration is
positive because the velocity is negative.

b v (m s−1)

Notice the graph is discontinuous at t = 2.

10

0
5

2

6

11

t (s)

Although the ball is decelerating after t = 6,
the gradient is positive because the velocity
is negative.

Golf balls look and
feel solid, but in the
instant after impact
from a golf club
moving at around
200 km h −1 the ball
appears to squash so
that its length is only
about 80% of its
original diameter and
its width increases
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s (m)

Notice that at t = 2 the gradient is different
on either side of the cusp. This indicates a
discontinuity in the velocity.

20

0

2

6

11

t (s)

12.5

EXERCISE 1F
1 An ice hockey puck slides along a rink at a constant speed of 10 m s −1. It strikes the boards at the edge of the
rink 20 m away and slides back along the rink at 8 m s −1 until going into the goal 40 m from the board. Sketch
a velocity–time graph and a displacement–time graph for the motion, measuring displacement from the
starting point in the original direction of motion.
2 A bowling ball rolls down an alley with initial speed 8 m s −2 and decelerates at a constant rate of 0.8 m s −2 .
After 2.5 s it strikes a pin and instantly slows down to 2m s −1. It continues to decelerate at the same constant
rate until coming to rest. Sketch a velocity–time graph and a displacement–time graph for the motion.
3 In a game of blind cricket, a ball is rolled towards a player with a bat 20 m away, who tries to hit the ball. On
one occasion, the ball is rolled towards the batsman at a constant speed of 4 m s −1. The batsman hits the ball
back directly where it came from with initial speed 6 m s −1 and decelerating at a constant rate of 0.5 m s −2.
Sketch a velocity–time graph and a displacement–time graph for the motion, taking the original starting point
as the origin and the original direction of motion as positive.
4 A ball is dropped from rest 20 m above the ground. It accelerates towards the ground at a constant rate of
10 m s −2. It bounces on the ground and leaves with a speed that is half the speed it struck the ground with. It is
then caught when it reaches the highest point of its bounce. Sketch a velocity–time graph and a displacement–
time graph for the motion, measuring displacement above the ground.
5 A ball is struck towards a wall, which is 5 m away, at 2.25 m s −1. It slows down at a constant rate of 0.2 m s −2
until is strikes the wall. It bounces back at 80% of the speed it struck the wall at. It again slows down at a
constant rate of 0.2 m s −2 until coming to rest. Sketch a velocity–time graph and a displacement–time graph for
the motion, measuring displacement from the wall, taking the direction away from the wall as positive.
M

6 A billiard ball is on the centre spot of a 6 m long table and is struck towards one of the cushions with initial
speed 3.1m s −1. It slows on the table at 0.2 m s −2 . When it bounces off the cushion its speed reduces to 70% of
the speed with which it struck the cushion. The ball is left until it comes to rest.
a Sketch the velocity–time and displacement–time graphs for the ball, taking the centre of the table as the
origin for displacement and the original direction of motion as positive.
b What assumptions have been made in your answer?

P

7 A ball is released from rest 20 m above the ground and accelerates under gravity at 10 m s −2 . When it bounces
its speed halves. If bounce n occurs at time tn the speed after the bounce is vn . Show that vn = 15 − 2.5tn and
deduce that, despite infinitely many bounces, the ball stops bouncing after 6 s.
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Checklist of learning and understanding
●●

The equations of constant acceleration are:
v = u + at
1
( u + v )t
2
1
s = ut + at 2
2
s=

s = vt −

1 2
at
2

v 2 = u 2 + 2 as
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●●

A displacement–time graph shows the position of an object at different times. The gradient is
equal to the velocity.

●●

A velocity–time graph shows how quickly an object is moving at a given time. The gradient is
equal to the acceleration. The area under the graph is equal to the displacement.
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END-OF-CHAPTER REVIEW EXERCISE 1
1

A man playing with his young son rolls a ball along the ground. His son runs after the ball to fetch it.
a The ball starts rolling at 10 m s −1 but decelerates at a constant rate of 2 m s −2 . Find the distance covered
when it comes to rest.
b Once the ball has stopped, the boy runs to fetch it. He starts from rest beside his father and accelerates at a
constant rate of 2 m s −2 for 3s before maintaining a constant speed. Find the time taken to reach the ball.

2

A car is travelling at 15 m s −1 when the speed limit increases and it accelerates at a constant rate of 3 m s −2 until
reaching a top speed of 30 m s −1.
a Find the distance covered until reaching top speed.
b Once the car is at top speed, there is a set of traffic lights 600 m away. The car maintains 30 m s −1 until it
starts to decelerate at a constant rate of 5 m s −2 to come to rest at the lights. Find the time taken from
reaching top speed until it comes to rest at the traffic lights.

3

In a race, the lead runner is 60 m ahead of the chaser with 200 m to go and is running at 4 m s −1. The chaser is
running at 5 m s −1.
a Find the minimum constant acceleration required by the chaser to catch the lead runner.
b If the lead runner is actually accelerating at a constant rate of 0.05 m s −2 , find the minimum constant
acceleration required by the chaser to catch the lead runner.

4

A jet aeroplane coming in to land at 100 m s −1 needs 800 m of runway.
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a Find the deceleration, assumed constant, the aeroplane can produce.
b On an aircraft carrier, the aeroplane has only 150 m to stop. There are hooks on the aeroplane which catch
arresting wires to slow it down. If the aeroplane catches the hook 50 m after landing, find the deceleration
during the last 100 m.
5

The sketch shows a velocity–time graph for a sled going down a slope. Sketch the
displacement–time graph, marking the displacements at each change in the motion.

v (m s−1)
18

0

6

The sketch shows a velocity–time graph for rowers in a race.
Given that the race is 350 m long and finishes at time 50 s, find the
value of v.

6

15

t (s)

v (m s−1)
2v
v

0

10

50

t (s)
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7

A footballer kicks a ball directly towards a wall 10 m away and walks after the ball in the same direction at a
constant 2 m s −1. The ball starts at 4 m s −1 but decelerates at a constant rate of 0.5 m s −2 . When it hits the wall it
rebounds to travel away from the wall at the same speed with which it hit the wall.
a Find the time after the initial kick when the ball returns to the footballer.
b What assumptions have been made in your answer?

PS

8

An entrant enters a model car into a race. The car accelerates from rest at a constant rate of 2 m s −2 down a
slope. When it crosses the finishing line a firework is set off. The sound travels at 340 m s −1 . The time between
the entrant starting and the firework being heard at the start of the course is 12 s.
a Find the length of the course.
b Find the actual time it took for the model car to complete the course.

9

A lion is watching a zebra from 35 m behind it. Both are stationary. The lion then starts chasing by accelerating
at a constant rate of 3 m s −2 for 5 s. Once at top speed the lion decelerates at 0.5 m s −2 . The zebra starts moving
1s after the lion started, accelerating at a constant rate of 2 m s −2 for 7 s before maintaining a constant speed.
a Show that the lion has not caught the zebra after 8 s .
b
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PS

Show that the gap between them at time t s, for t . 8, after the start of the lion’s motion is given by
1 2
51
t − 5t +
and hence determine when the lion catches the zebra, or when the lion gets closest and how
4
2
close it gets.

10 A car is behind a tractor on a single-lane straight road. Both are moving at 15 m s −1. The speed limit is 25 m s −1,
so the car wants to overtake. The safe distance between the car and the tractor is 20 m.
a To overtake, the car goes onto the other side of the road and accelerates at a constant rate of 2 m s −2 until
reaching the speed limit, when it continues at constant speed. Show that the distance the car is ahead of the
tractor at time t s after it starts to accelerate is given by t 2 − 20 for 0 , t < 5 , and deduce that the car is not
a safe distance ahead of the tractor before reaching the speed limit.
b The car pulls in ahead of the tractor once it is a safe distance ahead. Find the total time taken from the start
of the overtaking manoeuvre until the car has safely overtaken the tractor.
c To overtake safely on the single-lane road, when the car returns to the correct side of the road in front of the
tractor there must be a gap between his car and oncoming traffic of at least 20 m. Assuming a car travelling
in the opposite direction is moving at the speed limit, find the minimum distance it must be away from the
initial position of the overtaking car at the point at which it starts to overtake.
11 Two hockey players are practising their shots. They are 90 m apart and hit their balls on the ground directly
towards each other. The first player hits his ball at 6 m s −1 and the other hits hers at 4 m s −1. Both balls decelerate
at 0.1m s −2 . Find the distance from the first player when the balls collide.
12 The sketch shows a velocity–time graph for a skier going down a slope.
v (m s−1)
Given that the skier covers 80 m during the first stage of acceleration, find the total
2v
distance covered.
v

0

t

5t

7t

t (s)
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P

13 Two trains are travelling towards each other, one heading north at a constant speed of u m s −1 and the other
heading south at a constant speed of v m s −1. When the trains are a distance d m apart, a fly leaves the
northbound train at a constant speed of w m s −1 . As soon as it reaches the other train, it instantly turns back
travelling at w m s −1 in the other direction. Show that the fly meets the southbound train having travelled a
wd
2 uwd
distance of
and returns to the northbound train when the train has travelled a distance of
.
( w + v )( w + u )
w+v

P

14 Two cars are on the same straight road, the first one s m ahead of the second and travelling in the same direction.
The first one is moving at initial speed v m s −1 away from the second one. The second one is moving at initial
speed u m s −1 where u > v. Both cars decelerate at a constant rate of a m s −2 . Show that the second car overtakes
s
at time t =
irrespective of the deceleration, provided the cars do not come to rest before the second one
u−v
passes. Show also that the distance from the starting point of the second car to the point where it overtakes
depends on a and find a formula for that distance.
15 A woman walks in a straight line. The woman’s velocity t s after passing through a fixed point A on the line is
v m s −1. The graph of v against t consists of four straight line segments (see diagram).
v (m s−1)
2
1.5
O

52
30

40

60

t (s)
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−2.2

The woman is at the point B when t = 60. Find:
i

the woman’s acceleration for 0 , t , 30 and for 30 , t , 40 

[3]

ii the distance AB

[2]

iii the total distance walked by the woman.

[1]
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16 A car travels in a straight line from A to B, a distance of 12 km, taking 552 s. The car starts from rest
at A and accelerates for T1 s at 0.3 m s −2, reaching a speed of V m s −1. The car then continues to move at V m s −1
for T2 s. It then decelerates for T3 s at 1m s −2, coming to rest at B.
i

Sketch the velocity–time graph for the motion and express T1 and T3 in terms of V .

ii Express the total distance travelled in terms of V and show that 13V 2 − 3312V + 72 000 = 0.
Hence find the value of V .

[3]
[5]
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17 The diagram shows the velocity–time graph for a particle P which travels on a straight line AB,
where v m s −1 is the velocity of P at time t s . The graph consists of five straight line segments.
The particle starts from rest when t = 0 at a point X on the line between A and B and moves
towards A. The particle comes to rest at A when t = 2.5.
v (m s−1)
V

O

i

2.5

4.5

14.5

t (s)

Given that the distance XA is 4 m , find the greatest speed reached by P during this stage of the motion. [2]

In the second stage, P starts from rest at A when t = 2.5 and moves towards B. The distance AB is 48 m. The
particle takes 12 s to travel from A to B and comes to rest at B. For the first 2 s of this stage P accelerates at
3 m s −2, reaching a velocity of V m s −1. Find:
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ii the value of V 

[2]

iii the value of t at which P starts to decelerate during this stage

[3]

iv the deceleration of P immediately before it reaches B.

[2]
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